hep-th/0108183 
BONN-TH-01-21 
NUB-3218 
August 2001 



Divergences in Kaluza-Klein Models and their 
String Regularization 

D.M. Ghilencea , H.P. Nilles" and S. Stieberger 6 



a Physikalisches Institut der Universitat Bonn, 
Nussallee 12, 53115 Bonn, Germany 

Email : Dumitru@th . physik . uni-bonn . de , NillesOth . physik . uni-bonn . de 



b Department of Physics, Northeastern University, Boston, MA 02115, U.S.A. 
Email : stiebergOinf eld. physics .neu. edu 



Abstract 



Effective field theories with (large) extra dimensions are studied within a physical regularization 
scheme provided by string theory. Explicit string calculations then allow us to consistently 
analyze the ultraviolet sensitivity of Kaluza-Klein theories in the presence or absence of low 
energy supersymmetry. 
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1 Introduction 



The main motivation to consider generalizations of the Standard Model (SM) of strong and elec- 

— 1/2 

troweak interactions is the hierarchy problem: the instability of the weak scale M w ~ G F ~ 
300 GeV in the presence of higher scales, like Mpi anc k ~ 10 19 GeV connected to the existence 
of gravitational interactions. The hierarchy problem is linked to a power law sensitivity of the 
low energy effective field theory to the ultraviolet energy region. In the standard model such a 
sensitivity (for field dependent quantities^) manifests itself in the quadratic divergence of the 
(mass) 2 of the scalar Higgs particle. 

Supersymmetry has been suggested as a possible solution to this problem. In the super- 
symmetric extension of the standard model with softly broken supersymmetry, no power-like 
divergences appear (with the exception of the cosmological constant) to all orders in perturba- 
tion theory. The Higgs (mass) 2 still shows a logarithmic sensitivity to the ultraviolet energy 
scale, but this is consistent with a stabilization of the weak scale. 

More recently, with the thorough discussion of effective field theories with (large) extra 
dimensions the hierarchy problem reappears again and it has been claimed in the literature 
that in specific cases the weak scale does not show a power-like ultraviolet behaviour even in 
the absence of low-energy supersymmetry. These claims are very surprising since the consid- 
ered effective field theories are non-renormalizable and therefore contain many more sources of 
power-like divergences. While in the standard model (as a renormalizable D = 4 field theory) 
the (mass) 2 of a scalar particle is the only source of a quadratic divergence (for field depen- 
dent quantities) in higher dimensional theories we might find power-law sensitivity for gauge 
couplings, Yukawa couplings as well as new higher dimensional operators. It is very difficult to 
analyze these questions within a naive low energy effective field theory approach (well suited 
for renormalizable theories). This is especially true if the discussion relies exclusively on the 
consideration of one-loop calculations since the (infinitely many) new counterterms might man- 
ifest themselves only in higher loop contributions to the effective Higgs mass as a power-like 
divergence. A careful examination of this question is thus needed in the framework of these 
higher dimensional theories, especially since the finiteness of one loop results might be obtained 
by a specific choice of the regularization procedure. 

In the present paper we provide a physical regularization scheme for such theories via 
the embedding in string theory. The motivation is two-fold. First of all we believe that a 
meaningful description of these extra dimensional (non-renormalizable) theories requires a more 
fundamental theory at the high scale (for which string theory is a candidate). Secondly, in a 
consistent (finite) string theory perturbative calculations give a finite result and we do not 
have to deal with the often arguable choice of a field theory regularization scheme. String 
theory provides us with a field theory ultraviolet cut-off, the string tension M str i ng = a' -1 / 2 
with a 1 the slope parameter. The ultraviolet sensitivity of a physical parameter (like the Higgs 
mass) can be read off from the dependence on M str i n g, taking into account the appropriate 
sensitivity of all quantities appearing in that expression (like e.g. a power-like sensitivity of the 
coupling constants). Such a discussion is conceptually simpler and more powerful than a naive 
field theory consideration as it is independent of specifically chosen regularization schemes. 
Of course, the low energy field theory description can be obtained in the limit M str ing — ► oo 
(a' — > 0, zero slope limit) where the power-like sensitivity with respect to M string manifests 
itself in an ultraviolet, power-like divergence. 

1 In addition there is a quartic divergence of the vacuum energy (cosmological constant). 
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The first part of the paper addresses the scalar potential in effective field theories with an 
additional compact dimension and the need for a string regularization scheme. This is provided 
in section |2.5| , where the link with string theory is made explicit. The second part of the paper 
provides details of the calculation of the vacuum energy, one-loop gauge and Yukawa couplings 
in a significant class of string models. 



2 Field theory calculation of the scalar potential 
2.1 The scalar potential 

In this section we investigate^] the scalar potential in a class of models with Kaluza Klein towers 
of states associated with one additional spatial dimension. This class of models @, [| |], [| 
received renewed interest recently due to their very interesting phenomenological consequences. 
The introductory part of this analysis was already published in |?j and we only review it for 
continuity of our presentation. 

The aforementioned models usually consider as a starting point a higher dimensional theory 
(e.g. 5D) with Scherk Schwarz || and/or orbifold mechanism for supersymmetry breaking. The 
presence of an additional (compact) dimension induces in the 4D (boundary) effective theory a 
tower of Kaluza Klein modes which, depending on the particular model can be associated with 
various states of the low energy spectrum. These modes fall in N=2 multiplets, consequence 
of the enhanced supersymmetry in the 5D "bulk" broken to N=0 on the 4D boundary by an 
orbifold-like compactification (for example Si/(Z 2 x Z' 2 ) Yukawa interactions are localized 
on the 4D "boundary" and induce (together with the gauge part) corrections to the scalar 
potential of these models. These will be addressed in the following. Gauge corrections will be 
considered elsewhere ||. For a detailed description of generic models see for example [J. 

To begin with, it is instructive for our purposes to explicitly present the contribution of one 
Kaluza Klein bosonic or fermionic mode of mass rrik to the scalar potential, computed in a one- 
loop expansion of the latter and in all orders in perturbation theory. We denote this contribution 
V£ and we use a cut-off regularization method, with A the momentum cut-off of the effective field 
theory (EFT). For review and applications of this regularization method to the scalar potential 
see ||10|| . Every regularization scheme has its own shortcomings, and our choice is motivated 



on physical grounds. Unlike other regularization methods, it is appropriate for displaying 
some phenomenological implications of what is called "Kaluza Klein regularization" which 
cannot be "seen" in dimensional regularization for example. Other, more elegant regularization 
schemes are possible, but the present choice is more suitable to understand the need for and 
link with a full string calculation/regularization (see later). Thus A is the scale where new 
physics (string physics) comes in. We have 



K = tAi / d 4 p HI + m 2 k /p 2 



(2k) 
2k 2 
(2k) 




m 2 k A 2 - mi In I 1 + ^ ) +A 4 ln 




(2.1) 



As it is well-known, the contribution to the scalar potential of one (Kaluza Klein) state contains 
quadratic and logarithmic terms, the first and second term in ( [2.1|) . 

2 For early research see e.g. refs. M. 
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We consider now the overall contribution to the one loop expansion of the scalar potential 
of towers of Kaluza Klein (KK) modes which, following ref. || are associated with the top 
quark due to its larger Yukawa coupling. The scalar potential for the Higgs field has the 
following generic structure after taking into account individual bosonic and fermionic Kaluza 
Klein contributions (|2 . 1| ) , 

VW = ^S/(^ln p2 + <w (2.2) 

with the Trace taken over the top hypermultiplet of fixed k level contributing a factor of (4iV c ) 
where N c is the number of colors. 

In this analysis we will sum over the whole Kaluza-Klein tower of states, I —>■ oo. For this 
purpose we first consider the case of an arbitrarily fixed number (I) of Kaluza-Klein modes 
that we sum over and arbitrarily fixed momentum cut-off A. Thus there are two cut-off's 
corresponding to the compact and non-compact sectors. We then take the limit I ^> (ATZ)/2. 
Further we consider the limit I — > oo and then A — > oo to recover the case of "Kaluza Klein 
regularization" . For a more suitable regularization for models with compact and non-compact 
sectors see [|TT] . 



The field dependent boson and fermion masses in ( |2.2| ) are usually given by 

m F M = f + = |(* + "), uj = ^^ (2.3) 

and 

2k + 1 2 1 

m BM = —jj— +m t (0) = -(& + u/), u'=u + - (2.4) 

where we follow H and consider any integer values of k between — oo < k < oo. These mass 
formulas are generic for the states of the Kaluza Klein tower and depend (via uj and uj 1 ) on 
the boundary conditions one chooses for fermions/bosons. Other cases for the mass assignment 
exist in the literature [0, p3] which we review in section |2.2.2|. There, the mass (squared) of KK 



states is in addition shifted by an equal amount for both bosons and fermions. 

The mass splitting between fermions and bosons, following the breaking of supersymmetry 
via an orbifold or Scherk-Schwarz mechanism, is then encoded in the difference uj' — uj which for 



this case is positive, eq^^). The sign of the scalar potential and also of its second derivative 
(at = 0) will then depend on the sign of this difference (see eq.( |2.2| )), with implications 
for the existence of the (radiatively induced) electroweak symmetry breaking mechanism. The 
existence of this mechanism is then traced back to the type of boundary conditions one chooses 
for the fermions and for the bosons respectively. 
From equations (E^), (O) and (O) we find 



w,n V f A , s n p 2 + 7i 2 (k + uj') 2 - txIZK AN C . , 

m = &hh d ^ ^ + J { kJr A= — (2 - 5) 



where A is the momentum cut-off of the loop-integral in ( |2.2|) and I the number of states in the 
tower. Intuitively, in an effective field theory (of fixed cut-off A) the number of Kaluza-Klein 
states should be restricted (unless a symmetry prevents us from doing so|) to those states whose 

3 We return to this point in Section |2~5|. 
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mass is smaller than the momentum cut-off of the loop integral, condition which would lead to 



k=-l 



with the notation 



and 



and finally 



2k — 
m Bk , Fh ~^<A A^tt/ (2.6) 

Here I stands for the Kaluza Klein state of the largest mass. Performing the sum over the tower 
of Kaluza-Klein states under the momentum integral eqs.( [2.2|) , (|2.5| ) gives (see Appendix A) 

^ = ln cosh(2p) - cos(2W) 
cosh(2p) — cos(27tcj) 

[p 2 + ir 2 (l ± uj)% 

[T(l±uj'± ip /n)l 
[T(l ± uj ± ip/n)\* 

The symbol [p 2 + tt 2 (1 ± co>) 2 ]* stands for a product of the quantity within the brackets with all 
possible combinations of plus and minus signs. Accordingly, the potential can be written (<f) 
dependence hidden in to and uj') 

V(0) = Vo(0) + V!(0) + V 2 (0) (2.11) 

where we have 

, , , <s V f A , -\^r V f A , , cosh ( 2 p) — cos ( 2-nuj' ) 

Vo0 ) = ^i d P 2p 3 Z = -L dp2p 3 \n y — -L 2.12 

7<. 4 jo k. 4 jo cosh(2p) — cos(27tc<j) 

and 

and finally 

For later reference it is useful to remind that the numerators (a/ dependent) of the integrands 
of Vo, Vi, V2 correspond to bosonic degrees of freedom, while the denominators correspond to 
the contribution (u dependent) of the fermions. 

In the following we analyse each of the three contributions to the scalar potential V. Vo 
is part of the scalar potential corresponding to the result of reference [f| which is finite and 
ultraviolet insensitive, as we discuss below. The expression of Vo simply corresponds to summing 
over an infinite number of Kaluza Klein states in eq. (|2.2|) and is therefore Kaluza-Klein-level 
independent. It is considered [0, |], |5| that this is the Kaluza-Klein regularized part of the 
scalar potential. 
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The contributions Vi and V2 to the scalar potential are each vanishing in the limit of an 
infinite number of Kaluza-Klein states. Indeed 



V 1 (/^oo) = (2.15) 

and 

y 2 (Z _> 00) = (2.16) 

while keeping A fixed, consequence of the vanishing of the integrands of V\ and V2 respectively. 
In this limit only Vo will contribute to the scalar potential, 

V(Z->oo)=V (2.17) 

to give the result of [Q. We emphasize that it is instructive for our purposes to explicitly 
compute Vi and V2 in the general case of finite / and then take the limit I — > 00 (A fixed) to 
understand its physical implications. This procedure/limit will clarify the role of supersym- 
metry in the cancellation of individual quadratic and logarithmic terms of the potential. Note 
that this limit in eq. (|2.1|) means that its first two terms (quadratic and logarithmic) are not 
manifest in the final result for V obtained^ after summing up infinitely many contributions 
to the scalar potential. For clarity it is perhaps worth anticipating some of our conclusions, 
that in the limits of either / ^> (ATZ)/2 or of summing the whole KK tower the quadratic and 
logarithmic divergences in V are absent in the bosonic sector alone and the same mechanism 
applies for the fermionic sector, without the need of supersymmetry. 

2.1.1 The limits I ^> (A1Z)/2 and / — > 00 ("Kaluza Klein regularization") 

After performing the integral for Vo, one finds the following result^. 

Vo(0) = {2 E^^7(4,2nA) + {J - -u/) j - (u/ - u) (2.18) 

For uj' = uj + 1 /2 (eq. |2.4| ) the above relation reduces to 

VM = ^h (2* + i)» 1 h s J (2 ' 19) 

where the factor within curly braces is equal to unity in the limit of large[] A. The sign of 
the potential (fixed by the choice of boundary conditions for the bosons/fermions) is appropri- 
ate for triggering the electroweak symmetry breaking. Further analysis of this potential and 
phenomenological implications have been discussed ||. 



4 One can see that the limit of very large nik (large KK level) rnu 3> A in eq.(2J) means that the first 
and second terms cancel in the fermionic or bosonic part only to leave A 4 terms (to be canceled due to equal 
bosonic/fermionic degrees of freedom.). We return to this observation later in the text. 

5 7(0, x) is the incomplete Gamma function [Q. 

6 In the case we set w = 0wc find that the potential is equal to 

v ° (w = o) = SS c(5) (2 - 2o) 

and is (up to trace factor of (47V C )) the result of jl3| in our notations/assignment conventions of the KK tower. 
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The result of integrating Vi(0) of eq.( |2.13| ) is given, irrespective of the dependence m t ((j)), 
by the following expression 

Vi = Vi(w')-Vi(w) (2.21) 

With the exception of some A 4 terms canceled in eq.( |2.21| ) between bosonic and fermionic 
contributions (due to equal number of bosonic/fermionic degrees of freedom), Vi(u/) represents 
the sole contribution of the bosonic (u/ dependent) sector, while Vi(uj) is that of the fermionic 
sector. We have 



1 + - 



+ A 4 In (vr 2 (Z W) 2 + A' 



+ (I -»■ -/) (2.22) 

As expected, both V\(uo') and V\{oS) have quadratic and logarithmic divergences and these 
are not canceled between bosons and fermions for any finite summation over the KK tower of 
states. The absence of such ultraviolet terms in the final result for V in the limit of summing 
over an infinite tower of states is sometimes considered as due to the "soft nature" of breaking 
supersymmetry by a Scherk-Schwarz mechanism. This would apparently ensure a cancellation 
between bosonic and fermionic contributions not only at the level of quartic divergences (A 4 ), 
but also at the level of quadratic (A 2 ) and logarithmic (log A) terms. This is not necessarily 
true, for reasons that we discuss below. 

We consider in the following the limit of large I and fixed A, ttI ^> A = -kK.IZ/2. This seems 
a strange limit to take in a 4D effective field theory, of considering KK modes of mass 1/1Z ^> A. 
In this case the logarithm in the second term of the bosonic term Vi (a/) can be expanded in a 
(rapidly convergent) power series, with the first term in the expansion to cancel the quadratic 
divergence A of the first term in Vi; more explicitly, the second term in Q2.22 ) denoted as 
A(l, ui') is given by 

A(l,u') « -^- A \-n 2 (l + u'fk 2 + -A 4 - 1—A-— + ■ ■ ■ 1 (2.23) 
v ' ; 2K A \ V ' 2 3 7t 2 (/ + cj') 2 J 

and its quadratic termQ cancels the first term in Vi(u>'). This cancellation takes place separately 
for the bosons and for the fermions. The last term (and higher) in ( |2.23| ) are suppressed when 



/ ^> (A1Z)/2. The interpretation of this observation is that states of mass larger than the 
momentum cut-off scale A of the loop integral (21 /1Z ^> A) are required to cancel individual 
quadratic divergences of Kaluza-Klein states. This situation has an analogue in eq. ([2.1|) where 
we would take the limit ^> A with rrik the mass of a Kaluza Klein bosonic or fermionic 



state. There the quadratic term in (2.1) would be canceled by the first term in the (convergent) 
expansion of the logarithmic contribution. 

Summing over an infinite tower of Kaluza Klein states corresponds to the limit / — > oo in 
which case one interchanges the infinite Kaluza Klein sum and the momentum integral. While 
this is possible^], it includes modes of mass larger than the momentum cut-off of the loop integral 
also intended to be the cut-off of our effective field theory. When / — > oo, the quadratic and 



7 The A 4 term in the expansion ( 2.23 ) is canceled in Vi after including both bosonic and fermionic 
contributions. 

8 We discuss this later in the text. 
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logarithmic dependence in the bosonic part Vi(u/) of ( |2.22| ) disappears (higher order terms in 
( [2.23 ) vanish) and a similar mechanism separately applies for the fermionic part. Indeed 



,. 1 V 
hm -—— 

i->oc 2 K 4 



7T 2 (l 



uj') 2 A 2 



7r 4 (/ + u/) 4 In 



1 + 



A 2 



7T 2 (/ + u/) 2 



+ -I) 



2TZ 4 



(2.24) 



where the r.h.s. A is canceled between bosons and fermions due to their equal number ensured 
by the initial (now broken) supersymmetry. 

The expression of V2, eq. fl2.14| ) can be integrated in the approximation of large modulus of 
I + iA which does not restrict the relative values of I, A and will thus not affect the result we 
obtain for V 2 in the limit I ^> A. The approximation we use for the integrand of V2 is detailed 
in Appendix B. After some algebra the result we obtain for V2, eq. (|2.14j ) may be written as 



V> 



n 4 



Tc 2 g(l, u>')(l + u>') 



A - n (I + to ) In 1 + 



A 2 



7T 2 (/ 



UJ 



l\2 



+ (u/ 



+ 



T] Oj'A 

TZ 4 ^2T 



T 2 



In 



A z + tt 2 (Z W) 
A 2 + tt 2 {1-u>) 



f\2 



7] 4A 5 



arctan 



A 



t-4 



- (u/ + 



rj A 



In 



V 4 5tt 

[A 2 + 7T 2 (/±^) 2 ], 
[A 2 + 7T 2 (/±W) 2 ], 



ir(l 



+ arctan 



-u 



A 



tt(1 + lo') 



(2.25) 



where the substitution (u' — > uj) only applies to terms in front of it, to give the (separate, to 
dependent) fermionic contribution. The last term in ( 2.25Q contains both the fermionic and the 
bosonic contributions. Also 



g (l, J) = — {lO - 15/ + 6/ 2 + 3 (-5a;' + AlJ + 2uu' 2 ) } 



(2.26) 



If we sum over a finite tower of KK states (finite I) we find quadratic and logarithmic contri- 
butions not canceled in the sum Vi + V2. If in V2 we consider the limit I 3> A or / — > 00 the 

logarithmic term in the first curly braces of ( |2.25| ), may be expanded in a power series and its 

— 2 

first term in this expansion cancels the quadratic terms A due to states up to level I, similar 
to the case of Vi . 

To conclude, just as in the case of V\, quadratic or logarithmic divergences are absent in the 
bosonic sector and the same applies to the fermionic sector in the limits of either I ^> (ATZ)/2 
or of summing the whole Kaluza Klein tower. In this mechanism, the presence of Kaluza- 
Klein modes of mass larger than the momentum cut-off of the loop integral was essential. The 
presence or need for KK states beyond the momentum cut-off of the effective theory therefore 
requires a full string regularization/calculation of this model, where the inclusion of such states 
can be addressed consistently. A detailed string regularization/calculation will be provided in 
Sections ^3] and 



2.1.2 The minimum condition 

We impose the minimum condition for the scalar potential with fixed number of Kaluza Klein 
states (represented by /), to find the compactification radius in terms of its value _R* derived 
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from the minimum condition for Vo which is the limiting case when I — > oo. The condition for 
the minimum of the potential V leads to 



K A « R 



4 sm(nm t ((f))1l) 
sin(7rmt(0)-R*) 



;| _ 1 TZ 4 d(V! + V 2 ) 

67T 77 <9c<J 



(2.27) 



where ~ l/(2m t ) (sin^mt-R*) ~ 1) and where an explicit dependence of the top mass on 
the v.e.v. of Higgs is usec|]. Tedious calculations give the following approximation for the 
derivative in eq.( p.27p 



**0(V 1 + V 2 ) ^ - 2 { 4AV(/ + l)-[ 7 r 2 (/ + ^) 2 (/ + ^ + l) 2 ln(l+ ^ 



2 



r] du 2 L 7 v y I 7r 2 (7 + a/) 

/ , mi A 4 , A 2 + 7T 2 (Z + u') 2 , , , 
(u/^-uOlR-m^ ±--(u/^ u ) (2.28) 

2 A +7r 2 (/-cj') 2 

The last substitution (a/ — > a;) applies to all terms in front of it, including those within curly 
braces. In the limit / — > 00 (fixed A) the derivative of Vi + V2 vanishes (separately for to and 
to' dependent terms respectively) and we recover the case 1Z = R*. We now assume there is a 
correlation between the momentum cut-off of the loop integrals ( |2.12j ), ( |2.13|) , ( |2.14| ) and the 



number of Kaluza Klein states in the tower. Therefore we assume the following correlation 

A w ir£l (2.29) 

which would be expected in 4D effective theory since ATI approximates the number of KK 
states between the scales 1/TZ and A. Using ( |2.29| ) in ( |2.28| ) and taking again the limit / — > 00 
of d(V\ + V2)/du we may obtain a finite result only if £ —>■ 0. This means that no correlation 
between the momentum cut-off A and the (largest) mass in the KK tower (controlled by /) 
can be established, if the minimum condition is to be maintained. The existence of the latter 
is thus a direct consequence of infinitely many KK states contributions and its origin should 
eventually be investigated and traced back in the context of the original five dimensional theory 
after supersymmetry breaking. 



2.2 The scalar potential: further analysis 

In this section we provide a different mathematical approach to the behaviour of the scalar 
potential. The analysis is closer to a string approach. In this case, while summing up infinitely 
many KK modes, the presence of KK states of mass larger than A is not manifest. For Case 1 
below we again show that quartic and quintic divergences are canceled due to equal number of 
bosons and fermions (due to initial, now broken supersymmetry), and there are no quadratic 
and logarithmic divergences in either the bosonic or the fermionic sectors alone, if we sum over 
the whole KK tower. This result is in agreement with our findings so faiQ and with those of 

g, an- 

9 This dependence is that of Q appropriate for our analysis, with m t (</>) = 2/7r7?.arctan(7r7?.</()?/ t /2), but other 
cases may be considered too. 
10 see also Appendix C. 
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To compute the KK states' contributions to the potential one may alternatively use an 
integral representation of their individual logarithmic contributions. This approach generalizes 
that using the Riemann representation of zeta function in Appendix C (computed for uo = 
only). Consider an individual mode m n and its contribution V„ to the scalar potential, either 
bosonic (V„ = V n (m n — > Tng n )) or fermionic (V^ = V n (m n — > mp n )) part. This contribution 
has the structure^ 




e -t _ e -t(fe2 +m 2 )/A 2 



;2.30) 



e -t(A 2 + m 2) 



A 2 roodt t(ml+A .; 

+ 2 y S 2 t2 e 



where we defined x 2 = eA~ 2 , i.e. x has dimension (mass)" 1 . The first term in the curly braces 
is a quartic divergence which cancels between bosonic and fermionic degrees of freedom. The 
second term gives quadratic A 2 (also logarithmic In A) dependence which can be seen by taking 
the limit t — > 0; these terms are the analogue of m 2 A 2 and ln(l + A 2 /m^) in eq. fl2.lQ which 
may be shown by explicitly performing the integrals in ( |2.30| ) and then taking the limit x — > 0. 
As long as one only performs a finite summation over the Kaluza Klein level n in eq. (|2.30|) to 
obtain the scalar potential, the quadratic and logarithmic terms survive in the final result. If 
we perform an infinite summation over n the (ultraviolet) behaviour in t — > of the integrand 
may change. 

From eq.( [2.30] ) we find the following expression for the scalar potential (in which case 
m n — > m Bn or m n —> m Fn respectively) 

V = V b - V f = l(AN c ) £ (V* - V[) = -lim^i(4Ay {n\ mn ^ mBn - fi| m ^ mF J (2.32) 

where only a A 4 term was canceled^ between the bosons and the fermions, while the remaining 
bosonic and fermionic contributions have each the structure 

n = I [°° t I 1 - e ~ tA2 ~ tA " e ' tA l e ~ tml ( 2 - 33 ) 



We consider the case when the sum over n in fl2.32|) , (|2.33| ) is not restricted and is indeed 



performed over all positive/negative integers and address the implications of this procedure. In 
the following we consider for the mass m n of the n th KK mode two generic cases: 

2.2.1 Case 1. 

The mass is in this case assumed to be 

m n = ^-(n + a) (2.34) 



11 The limits below are taken in this order: first x — > 0, then A — > oo 
12 We use the definition 

p oo 



13 



T(a,x) = I dte-H 01 - 1 (2.31) 

the first term in cq.( [2.30| ). 
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where a = uj (fermions) or a = u' (bosons) which corresponds to the case of H] also discussed in 
previous sections. In the limit of including all KK states of the tower, as can be noticed from the 
Kaluza Klein bosonic/fermionic integrals ( p. lip and ((J. 12) of Appendix C (with o = 0, 1/2), 



the infinite summation behaves like x~ 5 = (mass) 5 and no logarithmic or quadratic divergences 
are present. The absence of the latter two is ensured not by supersymmetry, but by the infinite 
summation we perform, as we show below. For this consider a slightly different (but equivalent) 
form of the Poisson re-summed expression of ( p. 33 ) which gives that 



q = i r ^(i _ ( < ")y^, 



e 
nez 



2 2 



kez 

= n k=0 (A) + fi M0 (A) (2.35) 

where in the last step we separated the contribution due to the resummed index k = (diver- 
gent) from fifc^o part. After some algebra we find 

n k =o(A) = ^jI {2v^A 5 (Erf (Ax) - 1) + x~ 5 (l - e - AV '(1 + A 2 x 2 - 2AV)) } (2.36) 

which in the limit of x — > has the following behaviour 

^TZ2 



n 



k=0 



(A) oc ^f- {-2^A 5 + HAV 1 } + 0(x) (2.37) 



Thus all divergences (a; -1 A 4 and A 5 ) are a independent, and no quadratic or logarithmic terms 
are manifest anymore. To explain the absence of the latter two, note that even though every 
integrand in the first line in the r.h.s. of (|2.35 ) has a quadratic divergence, because we sum 



an infinite number of such contributions, the behaviour of the integral in t = changes. This 
may be seen after a Poisson resummation needed to compute the leading behaviour in t = 0. 
Indeed, Poisson resummation transforms individual, infinitely many exponential contributions 
(exp(-t) — ► l,t — > 0) in the r.h.s. of ( |2.35| ) to suppressed ones, (exp(—l/t) — > 0,t — > 0). Note 
also that in (|2.36|) one could exchange the order of the limits in x and A when evaluating the 
supertrace over bosonic and fermionic contributions, since its divergent terms cancel anyway due 
to the equal number of bosonic and fermionic degrees of freedom (due to the initial, underlying 
supersymmetry) . 

Further, the contribution Q k jL (A) can be integrated from x — > to give[^] 



CVo(A) = o J v /9 ^ 4 {3jCh(e 2i n - 3Ci s (y) - 4A 3 ' Ci 2 (y) - 6A 2 Xi 3 (y) - 6ACU(y)} 




-a) 

■y oo g2i7rnt7 



8vr 4 (ft/2) 4 



7 (4, 2nA) + (a -> -a) \ (2.39) 



14 We use the notations 

Cin(x)=Y,^ i(l + m,x)=ml\l-e- x J2^r}> m = 0,l,2,--- (2.38) 



k n 
fe=i 
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where 

— —71 

y = exp(-2A + 2iira), A = vrA— (2.40) 

Therefore fl^o is finite in the limit of large A and all divergences of Q, of the type x _1 A 4 and A 5 
are present in Qk=o- No quadratic or logarithmic divergences are present in the scalar potential 
eq.( |2.32|) , which supports our previous findings where we used a summation over an arbitrary 



number (I) of KK states and then took the limit I — ► oo. It is the infinite number of states that 
is responsible for the absence of quadratic/logarithmic terms in either the bosonic or fermionic 
sectors alone @. The remaining divergences x _1 A 4 and A 5 have the same coefficient for bosonic 
and fermionic sectors. It is thus sufficient that 5D theory had equal number of bosonic and 
fermionic degrees of freedom for these to disappear too from the scalar potential. Thus it is 
not necessary that supersymmetry be present for these cancellations to take place. Finally, we 
find from ( ggg) , (^3op , that 



yv! 2 (2vr) 4V 1 1 ; 2tt 6 ^ 4 3!^ (2k + 1) 5 H ' ; 

3 4iV c g cos(2(2A; + 1)^(0)) ^ ^ 



2vr 6 ft 4 fc fn ( 2fc + !; 



In the last step the limit A = ttATZ/2 — > oo was taken to recover the result V of (|2~T9|) and 
already investigated elsewhere 0. This means either A or TZ — > oo with the other fixed. Such 
limits seem unclear from the string theory point of view we adopt. In a string embedding 
of this model, one would replace the cut-off A by the string scale M string . Taking A — > oo 
cannot be considered consistent without turning on winding modes, not included here. Taking 
instead TZ — > oo is again problematic in a string orbifold construction as we discuss in section 



273| . Both limits asymptotically decouple the effects of winding modes, thus correspond to a 
string calculation in a very particular/singular point in the moduli space, T = 7Z 2 /a' — > oo. 
A full (heterotic) string calculation which will recover the result (|2~4T|) clS Si particular case is 
provided in Section [5[ However the string result cannot be applied to values of 1/1Z in the TeV 
regionF] due to perturbativity constraints on the 10D (heterotic) string coupling which forbid 
large volume compactification. 



2.2.2 Case 2. 



The mass of the KK states is 



2 

K 



[n + qf + Ml 



(2.42) 



where q = 1/2 (0) for bosons and q = (1/2) for fermions respectively. The exact choice for 
charge assignment! 15 ] to fermions/bosons is crucial for the presence/absence of the electroweak 
symmetry breaking. The mass dependence Q2.42j ) corresponds to models of type [0, [3| and 
bears some similarities to heterotic string models in the sense that the (mass) 2 of KK modes is 
shifted by = M 2 where is an excited heavy mode of the string (for this see eq. ( |3.37j )). 



15 as models corresponding to Case 1 require for phenomenological purposes. 
16 For an (string theory) insight into this assignement see section 3, footnote 36. 
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The assumption of summing over an infinite number of KK states allows one to perform a 
Poisson re-summation to find 



n = - f°° ^ (l - e~ tA2 - tA 2 e- tA2 ) e- tM l- £ e -^?IW2? 
2 J* 2 t nez 



2 2 A. tr/ 2 

= n k=0 (A) + n^o(A) (2.43) 

where in the last step we again separated the contribution due to the re-summed KK index 
k = (divergent) from the flk^o part. It is then clear that flk=o P ar t is independent of q which 
distinguishes between bosons and fermions. Its divergent behaviour is canceled between bosons 
and fermions as a consequence of equal number of bosonic and fermionic degrees of freedom 
and, equally important, of the summation over infinitely many KK states. Also 



n M0 (A) = - n 2 (z) - n 3 (z) (2.44) 



where 



= 87r 4 ( ^ /2) 4 fah(z) + &M^u(z) + 4M/£z 3 (z) + (q -> -q)} 
Q 2 (z) = Qx(z z)\ M ^ iM 2 +A2) i/ 2 -> z'/ A^oo (2.45) 

Os(5) = 4^ ( ^ /2)2 {^3^) + 2 7 r(^/2)(Mj + A 2 ) 1 / 2 ^ 2 (z) + (g^-g)}^0 i/ A -> oo 
and with 

7?. i 
M^ = 7rM^— , z = exp(-2M + 2z7rg), 5 = exp{-2ir{K/2){Ml + A 2 )5 + 2vrig) (2.46) 



In the case — >• (A fix) we can recover Q and the potential of the previous case, eq.( 2.41 



As in the previous case models with "KK regularization" take the limit A — > oo which at string 
embedding level most probably "avoids" any winding modes' contribution. Taking this limit 
we find 

^o(A^oo) = n 1 (z) (2.47) 
which gives for the scalar potential (using ( |2.32| ), ( (2.43|) , ( |2.47| )) 



2 



4 AT 2tt 



q^O 



2tt 6 ^ 4 



{ \?>Ci b {z) + m^Cu{z) + 4M/£i 3 («) + h.c] - (q -+ 0)} (2.48) 



result computed in a different approach in reference [BJ. For = we recover Case 1, eq.( [2.41 ) 
with u = 0. Both cases are particular results of the string calculation, as discussed later in the 
textQ 

While summing over an infinite number of KK states in ( |2.33[ ) as done in Cases 1,2 above 
one could notice that we interchanged the sum and the integral in eqs.( |2.35"D ( [2.43] ). This is 
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see again eq.( |3.37| ) and text thereafter. 
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possible if the integrand in ( |2.33| ) is exponentially suppressed in x — > 0. Since this is not the 
case one should introduce (1 — exp(— pt)), p — > oo regulator and see if any p presence is manifest 
in the final result. Such a regulator already exists (1 — exp(—tA 2 )) for part of the integrand, 
provided by the 4D cut-off and the would-be divergent dependence on it (present in flk^o) 
cancels in the bosonic-fermionic difference. For the last term in curly braces in ( [2.33|) one can 
again multiply it by a regulator and show that upon taking p — > oo such dependence vanishes 
in the potential, thus enabling one to interchange the sum and the integral^. 

Although not fully manifest as in section (|2.1.1| ), the use of KK states of mass larger than 
the field theory cut-off A may be traced in that we performed a Poisson re-summation (which 
requires infinitely many states of mass l/R, I unbound) and which necessarily includes states 
of mass larger than any effective field theory cut-off. Additionally, in ( |2.33| ) we integrated from 
the (deep ultraviolet region) t = x 2 = 0, with A fixed, which means we probe energies beyond 
any fixed cut-off 1/t > A 2 . However, if we insist on considering only the (effective field theory) 
region 1/t < A 2 , we find from eqs.(g]gg),(ggg) 



V^-Efl - e" te - } (2.49) 

(2tt) 4 4 * 3 1 J 

where the sum in front of the integral must be restricted to integers giving KK masses of 
values smaller than the cut-oflj^] A. This equation will be useful when establishing the link of 
the effective field theory (with truncated KK tower) with string results for the vacuum energy 
(Section p3|). 



2.3 Remarks on perturbative expansion and "Kaluza Klein regular- 
ization" 

The Kaluza Klein models usually overlook the issue of validity of the perturbation theory they 
employ and implicitly assume to hold. The presence of KK states (due to the extra dimension) 
which have Yukawa and gauge interactions is manifest as a divergence of the associated cou- 
plings, which may thus lead to divergences for other quantities depending on them such as the 
Higgs mass. 

As an example, consider the threshold corrections to the gauge couplings in the 4D theory 
with a tower of = 2 KK states (associated with an extra dimension) in the loop contributing 
to the running coupling. Adding up the KK states' contributions below a cut-off n < ATI gives 



A 



a 



1 \n<KU OC J2 ^ — = E ln ( A7 ^) - E 111 



m 



n = ATI - - \nATl + 



(2.50) 



Thus a linearly divergent behaviour |TJ]] with the cut-off emerges. This behaviour is further 
supported by heterotic string calculations of the gauge thresholds Hl5| Jp^| due to N=2 sectors 
(that KK states are part of) in two-torus compactifications. In this case the behaviour is 
indeed power-like (quadratic). If one dimension of the two torus is fixed to a value equal to the 
string length, the string result is then linearly dependent on the (string) scale, in agreement 
with ( |2.50| ) above for the case of one additional compact dimension. This linear behaviour also 



exists in type I models in the limit of one large compact co-dimension Ul7 |. Such a behaviour 



18 See also Section 3.2.2 for a discussion at string level. 

19 Cut-off regularization of the potential gives the same result as proper time regularization, see ( 2.49 ) 
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of the gauge coupling above 1/72 scale can then lead to a non-perturbative regime, more so 
when 1/72 has a small value (TeV). Thus the perturbative analysis of the model considered may 
become unreliable. This situation may eventually be avoided in some (heterotic) models with 
N = 2 sub-sectors which employ Scherk-Schwarz mechanism (defined in |3.2|) for the breaking 
N = 2 —* N = supersymmetry. This will be examined in Sections |3.5.1| . This case preserves 
the possibility of having only logarithmic string thresholds to gauge couplings. In general 
dependence on additional moduli exists in string models which can spoil this behaviour. 

The case of Yukawa couplings obtained in (5D) models with KK states due to the extra di- 
mension depends on the superpotential W assumed. Yukawa couplings running above the scale 
1/72. is induced by wavefunction renormalization (due to KK states) and has two contributions. 
A gauge contribution (independent of W) which may be linear with the scale, thus giving a 
linear behaviour of Yukawa on the high scale. A second contribution to Yukawa couplings due 
to wavefunction renormalization is controlled by W alone. This part can be quadratic with the 
scale if "delta- function" 5D "localized" W at some fixed points of the orbifold is present. In 4D 
language it means we sum over two towers of KK states (of different levels, since 5D momentum 
not conserved) in the one loop correction (induced by W) to wavefunction renormalization, thus 
to the Yukawa coupling. In this way Yukawa coupling receives a strong (ultraviolet) sensitivity 
to the scale/cut-off. Examples of this type were provided in [[| and fl8fl . The behaviour may 
eventually be changed in some (heterotic) string models where string corrections to Yukawa 
couplings are related to gauge couplings thresholds (see Section |3.5.2|) . 

In calculations, Yukawa couplings (gauge as well) become non-perturbative well before 
reaching the cut-off due to the large number of KK states present in the beta functions. For 
this reason the loop expansion of the effective potential which is after all a perturbative cal- 
culation involving Yukawa and gauge couplings may break down when summing up the effects 
of an infinite tower of KK states. In particular the one-loop improved ]10 ] scalar potential in 
which one-loop corrected couplings are used instead of their tree level values, is expected to 
differ significantly from its one loop expansion, due to the divergent behaviour of the couplings. 
Alternatively, the (soft) Higgs (mass) 2 derived from V is proportional at one loop to Yukawa 
coupling |J which in turn has a one loop correction (two loop correction to the Higgs mass 2 ) 
large due to the running of Yukawa coupling quadratically/linearly ||, |T3 with the scale. Thus 
two- loop Higgs (mass) 2 will receive an induced sensitivity to the high scale |7]] via the one-loop 
Yukawa couplings. An explicit example was provided in [IS] where two- loop Higgs (mass) 2 was 
shown to be linearly sensitive to the ultraviolet cut-off (via the top coupling), although the 
conclusion was that Higgs mass is finite. This conclusion seems to imply that the Higgs mass 
is (two-loop) finite if expressed in terms of (rescaled/renormalized) Yukawa coupling^], but the 
latter is however linearly divergent. Therefore the behaviour of the Higgs mass is worse than 
in the MSSM where only logarithmic dependence to the high scale exists. Further high scale 
sensitivity may be brought in by the fact that the models are non-renormalizable. For the 
model || a quadratic divergence also exists M as anticipated in [[7]. 

Perturbative constraints on the couplings, thus on the loop expansion of the effective po- 
tential are not easy to avoid. One possibility is that the compactification scale 1/72 at which 
KK states set in is very close to the cut-off of the model, thus rather high, ruling out models 
with large compactification radius. In a (heterotic) string embedding case, the same situa- 
tion requires a compactification scale close to the string scale, for the 10D string coupling 
must be smaller than unity. Such a condition would mean that effective field theory (requiring 

20 This is the non-renormalization theorem for the superpotential at one loop in the model considered. 
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1/72 M string) ma y be unreliable and a full string calculation is needed. Phenomenological 
constraints usually require 1/72 ^TeV (Higgs mass proportional to 1/72 2 ), so a type I embed- 
ding is then necessary. Thus the question of a mechanism for fixing the value of 1/72 must 
be addressed, since this is simply "fixed" ad-hoc to the TeV region by phenomenology. This 
is important since a (one loop) Higgs (mass) 2 proportional to 1/72 2 (where supersymmetry 
is broken) with 1/72 large just restores the problem of quadratic divergences in the Standard 
Model formulation. 

Various issues related to "KK regularization" exist in the literature and recent analyses 
fj~9l , [20H were performed to investigate this procedure. It has been shown (reviewed in section 
OP that quadratic/logarithmic divergences are absent in the bosonic (also in the fermionic) 



parts of the potential, due to summing over an infinite number of states in the KK tower ("KK 
regularization" limit). In this mechanism KK states beyond the cut-off of the model played 
an important role. These remarks prompted the conclusion which raised concerns on the 
physical meaning of "KK regularization" in an effective field theory (of fixed cut-off) approach 
and stressed the need for a string understanding of this problemF]. Other works |2(J investigated 
the "KK regularization" to observe that it corresponds to an extremely anisotropic distribution 
of the momenta; more explicitly p4 and ps = fc/72 are highly correlated (the sum of their squared 
values should be smaller than the 5D momentum cut-off, Ms). Thus the "KK regularization" 
of summing infinitely many KK states corresponds to pi <C Mf = l/TZ, i.e. a very anisotropic 
compactification. This is actually manifest in the models examined by observing that after 
summing the effects of infinitely many KK states, the contribution of the 4D momentum in the 
loop- integrals of the Higgs mass is actually constrained to very low values, as observed in ||. 

To justify an effective field theory approach with KK modes of mass larger than the mo- 
mentum cut-off, one could consider the inclusion of some form factors (exp(—n 2 / (72A) 2 ) |TjJ to 
exponentially suppress the couplings of these KK states i.e. to "smoothly" decouple them. It 
was shown that a priori suitable decoupling form factors (exponentially suppressed couplings) 
may still give an infinite result for the Higgs mass, although the conclusion in |l9j seems some- 
what different. The results are dependent on the decoupling procedure of these heavy KK 
modes, i.e. this procedure is not clearly defined on field theory grounds and does not lead to 
unique results. 

A cut-off regularization of the potential ( |2.2|) is certainly not the best procedure, but is 
intuitive and suitable to prove the requirement of states of masses larger than the momentum 
cut-off, i.e. the need for a full string calculation where such a situation can be consistently 
addressed. This regularization will enable us to match the (field theory limit) of the string result 
to that of the effective field theory with truncated tower of KK states. Such momentum cut-off 
regularization was previously used for the scalar potential (for a review see |l(J). Adopting 
a dimensional regularization for the 4D momentum integral only is not a better procedure, 
because we actually need a simultaneous treatment of the ultraviolet effects due to all five 
dimensions. Currently there is no regularization scheme able to treat on equal footing the 
(momentum integral over the) four non-compact dimensions and the (KK sum due to the) 
extra compact dimension. This should be the case as both are sources of ultraviolet effects and 
one would expect a "unified" treatment of their effects (see |L1] with applications in || and 

HI)- 

Finite temperature arguments are sometimes used (see for example [0, |22| ) to justify a soft 



ultraviolet behaviour of the vacuum energy (or Higgs mass) in 4D effective models with one 



21 For this see Sections 2^3 and ||. 
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additional compact dimension (5D supersymmetric model or N=2 in 4D). The inverse radius 
of the compact dimension corresponds to the temperature. Supersymmetry in the initial 5D 
model then ensures a vanishing of the potential in the TZ — > oo (or T = 0) limit. Finite values 
of TZ would then trigger only finite corrections to the scalar potential, by analogy with finite 
temperature calculations of the free energy, since in going from T = (finite) to T ^ only 
finite corrections could appear. It seems to us that it is hard to reconcile this mechanism with 
the phenomenological requirement to obtain a chiral spectrum in 4D, while smoothly varying 
the radius from TZ — > oo of the N=2 supersymmetric limit in 4D to a broken supersymmetry 
phase. An orbifold-like compactification is then necessary, but then the limit TZ — > oo on the 
orbifold does not restore the full initial supersymmetry at the fixed points. In other words finite 
temperature arguments may apply to a circle compactification of the extra dimension, but not 
necessarily to a manifold with fixed points (orbifold compactifications). 

We consider that one necessarily needs a departure from the field theory approach to models 
which are ultimately string models and for which naive field theory methods may not necessarily 
apply. 



2.4 The need for a string regular izat ion scheme 

One of the compelling arguments for a string regularization scheme for field theory models with 
Kaluza-Klein states comes somewhat surprisingly, from the field theory itself. The presence in 
the "KK regularization" limit of states of masses larger than the momentum cut-off immediately 
raises the question whether this is a legitimate procedure in an effective field theory approach. 
There are two choices. The 5D field theory to start with is finite and has no fundamental 
length/cut-off at all, but this seems highly unlikely, given the absence of a description of 
quantum gravity in such case. The second choice is that it has one and correspondingly the 4D 
theory will have one as well above which the inclusion/presence of KK states may not be easy 
to justify in effective field theory of fixed cut-off. A symmetry argument may however be used 
for motivating the summation over an infinite tower of states in field theory, and the nature of 



this symmetry and its relationship to modular invariance will be briefly addressed in section |275 
and carefully investigated in |2"3fl . This issue is relevant since in some cases the effect of states 
of mass larger than the cut-off is to ensure the absence of quadratic/logarithmic divergences 
in the bosonic and in the fermionic sector respectively, even in the absence of supersymmetry. 
This prompted us to investigate Kaluza Klein models in the larger context of string theory. 

Topologically charged excitations associated with dimensional reduction from five to four 
dimensions (winding modes in string theory) which also have mass larger than the effective field 
theory cut-off also play an important UV role. To conclude that the ultraviolet behaviour of a 
model with KK states only is that found in the field theory limit is not necessarily true, since 
the interplay between KK and winding states cannot necessarily be described in models with 
Kaluza Klein states only because modular invariance interchanges these states. Summing up 
infinitely many KK states may actually correspond, at string level, to a very special/singular 
point in the moduli space where winding modes are decoupled, but the question of whether this 
decoupling limit is well defined remains to be answered^. In fact winding modes are infinitely 
massive (thus asymptotically decoupled) only in the limit TZ — > oo which cannot be considered 
in string theory. In fact their density equals 1/7Z and only vanishes when TZ — > oo. Hence 
the effect of the winding modes must not be neglected and one may expect in a string embedding 



2 A symmetry argument may however be used to avoid this situation, see |2E 
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of models with additional extra dimensions, the presence of some additional (ultraviolet and/or 
regularization) effects due to them. Since the effects of winding modes cannot be dealt with in 
a field theory framework, it may be appropriate to truncate the tower of KK states to a finite 
number, at a mass scale smaller than that (of the order of the string scale) at which winding 
states are turned on. In the next section we explore the link with string theory when one sums 
over either a truncated or the whole, infinite KK tower. 

Truncating the KK tower in an effective field theory (of fixed cut-off) approach may be re- 
quired by the fact that in the supersymmetric limit 7Z — > oo when the vacuum energy vanishes, 
we have all KK states mass degenerate. Since the mass of KK states is oc l/TZ, for the limit 
lim^oo l/TZ the highest KK level I must indeed be finite in the effective field theory approach. 
As discussed one may try to avoid truncating the KK tower by exponentially/smoothly de- 
coupling heavy KK states situated above the cut-off, and still keep infinitely many KK states 
in EFT approach. However, it seems this procedure is not uniquely defined in field theory, 
therefore a full string approach is necessary. 

One example where string theory regularizes an effective field theory result obtained in the 
presence of (truncated tower of) Kaluza Klein states is the case of the running of the effective 
gauge couplings. Kaluza Klein states charged under the SM gauge group affect their running to 
give a power law dependence with the scale. The effective field theory result is thus divergent 
(cut-off dependent), eq.( [2.50| ). There exist however full heterotic string calculations which 
compute such effects due to (two torus) compactifications which preserve a N=2 supersymmetric 



sector [TJ|], [IB|. Provided that the cut-off of the effective theory is smaller than the string 
scale, one can indeed approximate the string threshold corrections to the gauge couplings by 
an effective field theory result obtained using a truncated tower of Kaluza Klein states p5] . 
The reason why the string can regularize the (otherwise divergent) field theory result is in this 
case due to the geometry of the string (two torus in the heterotic case) which manifests itself 
at field theory level as form factors whose effect is small for scales smaller than the string scale. 
Winding modes also play an essential role in the finite character of the string result. 

We therefore need a phenomenologically viable string model whose low energy limit is the 
class of Kaluza Klein models investigated so far. If such model existed, one could explicitly see 
the regularization of the vacuum energy by the string, along the lines discussed for the gauge 
thresholds. 



2.5 String regularization of the vacuum energy 

Before proceeding with detailed string calculations of the vacuum energy (denoted by V), 
we anticipate the full string result of the following sections (see section [|), to show how the 
(heterotic) string regularizes the corresponding effective field theory^ result denoted V. The 
string result has as starting point the expression below (where D = 4 non-compact dimensions, 
R the radius used in string calculations expressed in a' units. However, in this section only we 
show explicitly the dependence on a' = 1.) 

V(R)=a'~ D / 2 f £ (-l) m e 2 ™e- 7rT2 ( ! ^ +2 ^)c (1 , e) (g,g) (2.51) 

The structure of the function C above is not important for the qualitative discussion of this 
section. Essentially, it encodes massive string states with masses equal or above the string scale 

23 For a related discussion sec 
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a' 1 / 2 ! . T2 is the extended fundamental domain of integration. The effect of Kaluza Klein states 
(labeled by m) alone on the vacuum energy is obtained by discarding the winding modes, 




(fc + l/2) 2 rv' 
7TT2 - ! — ' — — 



V(R) KKonly = a'-^ -iznHYl c '"'^-e }C m (q,q) . (2.52) 



This relation has some similarities with the (D=4) effective field theory (EFT) result, eqs.( 2.32]) , 
Q2.33| ) where the limit A — > 00 is formally taken 



with the replacements m% = n 2 /(TZ/2) 2 and rn 2 3n — (n+ 1/2) 2 / (T2./2) 2 and the sum extended 
over the whole KK tower. However the integral ( j2.52| ) is not over the region (x 2 , 00) (x — > 0) (as 
in field theory Q2.53|) ) which would make it diverge in t — 0, but over the extended fundamental 



domain T. Given a different integration region in ( |2.52[ ) from the EFT case, one should expect 
a different string theory value for the KK effects alone compared to that of EFT in the limit 
of summing over all KK states in the tower ("KK regularization" ) . The reason is that the 
(infinite) KK tower alone integrated over T cannot be equal to the same tower integrated over 
(0, 00) only (to give the EFT result) because it is the sum over winding modes which plays an 
essential role in changing the integration region T into (0, 00). This is discussed below. 

The full string result eq. (|2.51|) is finite in the deep ultraviolet region it = 0). First a 



Poisson resummation over the KK mode m is performed in ( |2.51| ) (resummed KK index I). 
Further, a technical argument used in the next sections^ "unfolds" the fundamental domain 
JF 2 of integration in ( [2.51 ) into the half-strip during which winding modes n in ( 2.51 ) play a 



"regularization" role. The "original" winding number is written as n = pc, while the re-summed 
KK number / is written as I = pd, with (c,d) = 1 (prime integers). The sums over n and / 
are thus replaced by a sum over the (prime integer) pairs (c, d) and a sum over p. The former 
sum transforms T<i into the half-strip to give r 2 G (0, 00) as in (regularized) EFT. We are thus 
left with a sum over the integer p. Winding modes n 7^ (also re-summed KK states, /) are 
manifest in the definition of the integer p that we sum over in the full string result. This result 
takes the following generic form (with model dependence only present in the coefficients 7^) 



V(R) = «'- (1+D)/2 i?r-^££{l-(-in^^ (2.54) 

J0 1 p>0 7V>0 

= 4 d/2 yr, t e k»- 2 - ^<* +i/2 >* } . (2.55) 

Je a A s=-oo N>0 



This full string result thus includes the contribution of the winding modes. In the last step we 
made the change 4ta' — > z, we performed a Poisson re-summation over p (after including the 
p = case) to write the finite string result into a form close to that of effective field theory 
calculations. Since each of the two terms in ( |2.55| ) is divergent in z = 0, (see Appendix C for 
N=0, D=4) we must introduce an ultraviolet cut-off e 2 to avoid their divergence of type e~ 5 
which cancels between themQ 



24 for details see section 3, eqs.(|3.8|), ( 3.18|) , ( 3.27 ) and ( 3.32 ), respectively. 
25 This follows from the arguments which precede eq.(3.< 



26 See again (|3.8|); also N is a heavy string mode. 
27 At field theory level this is ensured by equal number of bosonic/fermionic degrees of freedom. 
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Note that in the deep ultraviolet region t — > most contributions are exponentially sup- 
pressed in ( p.54p , except those of small radius, R 2 /a' <C 1 which may still contribute. The 
latter may be interpreted as corresponding to KK masses of value k/R> M string which agrees 
with previous findings at effective field theory level that KK states of mass larger than the 
momentum cut-off have significant contribution. Their presence in the string framework is 
however justified, unlike the case of (effective) field theory. 

The cut-off at e 2 a' in ( |2.55|) thus excludes^] the deep ultraviolet (r 2 — > 0) momentum 



region, to retain under the integral over z only the momentum range < 1/z < l/(e 2 a'). 
This procedure therefore excludes from the string modes (that we sum over) those of deep 
ultraviolet momentum which would otherwise contribute to V(R). In ( |2.55| ) these string modes 
are represented by a mixture of Poisson re-summed winding and usual Kaluza-Klein modes. 
This means that the summation over the index "s" in (|2.55|) is replaced by two sums over k 



and w (with "k" : Kaluza-Klein number, "w" : "re-summed" winding mode number) such that 

Ra'- 1 / 2 

\s\ = \k + wR 2 a'- 1 \ < , e>0 , k ^ . (2.56) 

Therefore the Kaluza Klein contribution alone has to respect the same upper bound, 

< Mstr ^ R < oo, e > o . (2.57) 

We conclude that the effect of the Kaluza-Klein states alone (w = 0) may be written in the 
form 



V(R) KKonl , = ^r^ Y. EK il ''-'-»" t ""l'-V. (2-58) 

" "']<M string R/eN>0 



This result due to KK states only may be compared to effective field theory results with KK 
towers. According to ( [2.58| ) the right procedure in the EFT seems that one should sum up only 
a finite number of Kaluza Klein states, k < oo (since e > 0) condition imposed to avoid the deep 
ultraviolet region. The result in string theory is finite and well defined in this region, eq.( |2.54| ). 
However, only when establishing the link with field theory is a regulator e > required, which 
truncates the momentum integration as well as the summation over the KK modes alone. 
Eq.( [2.58|) may be mapped (up to an overall factor, model dependent) onto an EFT result 



of eq. (|2.49|) with m 2 oc N + (k + q) 2 / R 2 where N = as in section |2.2.1| or iV = Ml as 



in section p.2.2| . The limit l/t < A 2 < a'' 1 of "truncated KK" tower of eq.( |2.49|) is here 



1/z <C a' -1 and the KK states of ( p.58|) which give significant contribution (not exponentially 
suppressed) are those for which nzk 2 /R 2 « 0(1) i.e. k 2 « R 2 /z <C (RM string ) 2 , thus k/R<^. 
M s tring- This is in agreement with eq. (|2.49|) of including only Kaluza Klein states of mass below 
the cut-off of the order of M s . In this way the string provides a physical regularization of an 
effective field theory result which includes (a truncated tower of) KK states only. 

From fl2.58p it is obvious that for field theory calculations in the "KK regularization" limit, in 
which one "removes" the restriction of summing over a finite KK number, one "recovers" a full 



2S 



That the lower integration range of th e t-in tegral in ( 2.54 ) has to be changed from t = to some finite 



cut-off value, when one wants to interpret ( 2.54 ) as field-theory result, may also be understood as follows: In 
the limit t = T2 — > the integrand accounts for pure winding modes: After applying an S transformation 
r — > — 1/r {{c,d) — (1,0)) on the integrand, which changes this integration region to the region T2 — > oo the 
number p is c onverted to pure windings n = p, 1 = 0, which clearly should not enter in the field-theoretical 



limit of ( |2.5l| ) we are discussing. 
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string result, eqs.( p.54[ ),( p.55| ). However, this result actually includes "more" than that of field 



theory does, such as the effects of winding modes as well as the modular invariance symmetry 
which play a crucial role in ensuring a finite string result. Winding modes however do not have 
a correspondent at field theory level. Therefore, if the procedure of summing the whole Kaluza 
Klein tower is justified in field theory, a remnant of the modular invariance symmetry present 
in the string calculations should be present at the field theory level and be respected/implicitly 
assumed by "KK regularization" . This then explains why the field theory results obtained while 
summing over infinitely many KK states are compatible with a full string calculation (including 
momentum and winding states) and not with the string contribution due to (infinitely many) 
Kaluza- Klein states alone. A possible source of such a remnant symmetry of modular invariance 
may be related to the discrete shift-symmetry eq. ( |3.21|) for zero windings: m — > m + p (which 



thus allows one to sum over the whole KK tower in field theory). This "shift-symmetry" Q 
will be carefully examined in |23[ and exploited in [|ll[| in building a truly consistent (5D) field 



theory regularization scheme. We hope this sheds some light on the meaning of taking the limit 
of "Kaluza-Klein regularization" from the point of view of string theory. 

The safe procedure to follow in phenomenological studies is to apply a field theory calculation 
of the scalar potential up to the compactification scale and simply add to this the full string 
result as a "threshold correction" . This procedure is similar to that of adding string threshold 
corrections for the gauge couplings to the 4D field theory value of the gauge couplings, obtained 
from calculations below the compactification scale. 

3 String calculation of the vacuum energy 

In this section^ we want to address the question of UV finiteness of the one-loop cosmological 
constant in string theories with broken supersymmetry. We consider string theories in D space- 
time dimensions (D < 9) with one internal dimension of size M comp = 1/R. The remaining 
9 — D dimensions are supposed to be of string scale size M s . As we will explain in section 
3.3 the cosmological constant in heterotic string theories has a much better UV behaviour^] in 



contrast to type /. This fact justifies why in this section we mainly focus on heterotic string 
vacua. 

3.1 Cosmological constant in models with N=4 — > N=0 breaking 
3.1.1 Harvey model in five dimensions 

As an example we want to calculate the one-loop cosmological constant of the model in ref. 



2"7 |. This is a heterotic string model in five dimensions. Four dimensions are compactified on 
a torus of string size and one dimension is compactified on a circle of radius R. With respect 
to this circle an orbifold twist is introduced, which breaks supersymmetry from N=4 to N=0. 
At the same time the gauge group is broken from E 8 x E 8 to a single Eg of level two. The full 
calculation uses a combination of methods developed in and |^9 . The starting point is the 



29 We thank S. Groot Nibbelink for discussions on this issue. 

30 Throughout the whole section the compactification radius R is measured in units of a' 1 / 2 . 
31 Only harmless IR divergences due to massless states may show up. These effects can be regularized by 
different methods. 
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world-sheet string one-loop integral: 

d 2 T 1 ^ _ , , r d 2 r 1 



f (X T t -\ f " r 1 -\ 

= L— -5/2 E Z (h, 9 ){q,q) = j — -5J2 z (i,e)(^Q) • 

The sector (/i, g) = (1,1) from the untwisted sector does not contribute, since it has N=4 
supersymmetry, i.e. Z^i^(q,q) = 0. The region JF 2 is the (extended) fundamental region 
{1, S, ST}^ of the modular subgroup T (2) [p9|1 . The partition function in the (1, 6) sector is 

z (i,e)(q,q) = Af ( iJ) (1,1) (<L 1) (<?,?) = N(°e) (q,q) f(i,e)(q) 9(i,e)(q) (3.2) 
with the three building blocks (q = e 2mT , q = e~ 2mT ). 

/a,*)® = 6 4Sw - d 'M + & 'M\ = E <N) q N 
r i\q) n>o 

= 32(1 + 8q + AOq 2 + 160g 3 + . . .) 

aim (q) = ^Ml = E d ( M ) <i M = v~ 1 + 252 <? + 5130 <? 3 + 5476 °9 5 + • • • , (3 ' 3) 
v(q ) m>-i 



Na° e ?' 1 \q,q) = E (-!)" q^ q hmf = E e2mTimn e~^T? +R2n2) 

(pl,Pr) m,neZ 



'( 

and the Narain momenta: 

v'2 V R 

It should be kept in mind, that the functions fn,e) (?) an d 9(1,6) (?) transform automorphic under 

r so{\ 



Pr/l = —7= ( -77 T Rn ) • (3.4) 



the modular subgroup T (2) P5| . Poisson resummation on m in A/^j 1 ' 1 ^, q) yields: 



K^ A) M> = 4 E e^"^""' • (3.5) 

7~2 n,ZeZ 



We rewrite the lattice sum (|3.5|) in the integrand of eq. ( pTT 



^e-^ + > |2 = i £ [1 - (-1)'] e -*l' +2 ^ 2 . (3.6) 

n,ieZ 2 (n,i)^(0,0) 

Now we shall see how the orbit decomposition of |28| can be applied^] to 

Vm = \Rf—-> E [1 -(-D1 e-^ l+ ^ C (1>e) (q,q) ■ (3-7) 

As in [^8j we define n = pc, I = pd with (c, d) = 1 and the exponential in (|3.7|) becomes now 
ea;p(— ]1 ^p 2 \d + 2cr| 2 ), which can be obtained from exp(— I ^-p 2 ) after the modular transfor- 
mation ^ ^ J G T (2) (with ad — be = 1) acting on r. Taking all those T (2) elements 

32 The convergence of this integral depends on the value of the radius R. Below the critical radius Rh = |\/2 
a tachyon appears in the spectrum |27]| , which spoils the convergence. We shall be more precise about this issue 



in section 3.2.3 
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in ( |3.7| ), i.e. all (c,d) = 1 with the above conditions, which imply (—1)' = (— l) pd = (— l) p , 
since a, d are always odd integers, we unfold the fundamental region JF 2 in ( |3.7|) to the half-strip 
7i = {t| — \ < T\ < \ ; < r 2 < oo}. Note that these manipulations are possible, since the 
modular function C^^(q,q) is automorphic under the modular subgroup To(2) ||29|| . Finally we 
arrive at: 

' H T 2 p>0 



dt 



V(R) 



f 4 

In the last step we performed the ri-integration 

-1/2 



.!)*>] e -^ p C {1>e) (q,q) 



e 4t 



-4wtN 



In 



9{r 2 ) := / dn C (M) (?,g) = £ 7 ;v e" 4 ^ 

.7-1/2 ^ 



(3.f 



(3.9) 



which projects all states to equal mass levels M = N. For r 2 — > 0, the function g(r 2 ) counts 
the physical states (of the sector (1,6*)) P^| . We defined the numbers = c(N)d(N) = 
dp(N) — ds{N), which correspond to the bosonic-fermionic degeneracy at the mass level N: 



£ In l N q N = 32 ( 2016 qq + 820800 fq 3 + 93749120 fq 5 + 



(3.10) 



N>1 



For the lowest level N = the last expression in eq. 

dt 



may be compared with 13 



1 r 

o7oit!/-E[l-(-l 

z o p>o 



128 7p_ v l_ = 2tt3 to 



7T 3 R 5 t^O P 

p odd 



(3.11) 



which looks similar to the result of [[13]. Since ( |3.11| ) comes from string theory, the dangerous 
state p = does not occur. However according to ( |3.10| ), in the particular model of [27 



we 



have 7q = 0, which means boson- fermion degeneracy at the massless level. All contributions to 
the cosmological constant come from the massive sector N ^ and thus give an exponential 
contribution. Note also, how the tachyonic contribution, encoded in the q~ l power of ( |3.3j ) is 
projected out in ( |3.10| ). To perform the integral ( |3.8j ) we use eq. (3.471.12) of |0] 



dx 



x 



l-u 



km 



(3.12) 



for \arg(fi)\ < ~ and i?e(/i 2 ) > and arrive at: 



W0 = f| E ■» ^ K 



2nRpVN 



(3.13) 



p>0,odd 
JV>1 



One may wish to further manipulate the result ( |3.13| ). With the asymptotic expansion |30] 



35 1 945 1 3465 1 
+ ~8 z + 128 + 1024 ^ + " ' 



(3.14) 
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for large arguments \z\, \arg(z)\ < §7r, eq. ( |3.13| ) can be casted into: 

vim- 64 v / 5/4 P -«^f u 35 1 i 945 1 , \ 

V{R) ~lW Jfr^W* l v 1 + TM^ + 5T2^^V + --j • (3 ' 15) 



JV>1 



The first order gives precisely the V(R) ~ R 5//2 e R ^ behaviour of the cosmological constant, 
which has been determined in 



3.1.2 Harvey model in four dimensions 

To obtain a model in four dimensions with iV = 4 — > iV = breaking we may compactify 
one more dimension on a radius of string size. Only few details will change in the partition 
function (|3.3|) . Essentially, everywhere in ( [3. 3D one has to insert the lattice partition function 
T"2^ 2 A/ij=i(g, q) accounting for the additional compactified dimension. Here, 

^R=i(q,q) = 3 (q 2 )6 3 (f) + 6 2 (q 2 )9 2 (q 2 ) (3.16) 

is the partition function for the KK momenta and windings w.r.t. to a string-size (R = 1) 
circle compactification. Thus we have: 

nm = i 2 ^ ^ W~ 2 m " em + m • (3 - 17) 

We can proceed as in the previous subsection to arrive at: 

dt 

i 

p>0 N 

Again, only the relative number of boson and fermions 77V 

E 7^v q N q N = 32 (2 + 2520 q q + 8096 gf + 28224 q 2 q 2 + 1231680 q 3 q 



00 

y(R) = \rJ fr 2 E E [i - e ~* 2 e " 4 ^ ^ • (3.18) 



contributes in (|3.18|) . We use (|3.12|) to evaluate: 



(3.19) 



V(*> = |^ + ^ET^ K s/2 [2,R P VN\ . (3.20) 

^" JL p>0,odd V 



N>1 



When one uses the explicit representation for one can re-express ( |3.20| ) into a form closer 
to that of field-theory results. We refer the reader to section |3.2.2| . 

One might be surprised, that the Harvey-model compactified to four dimensions has a non- 
vanishing 70 in contrast to five dimensions ( |3.10| ). However, we compactify on an additional 
circle at the self-dual radius, where two additional gauge bosons become massless. Therefore, 
the relative number of bosons and fermions changes by 2 as we go down from five to four 
dimensions. This fact can be verified in ( |3.19| ). The factor 32 is the usual ground state 
degeneracy. 
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3.2 Cosmological constant in models with N=l — ► N=0 breaking 

In the following we start with heterotic orbifold compactifications with N=l supersymmetry 
in four dimensions. To break supersymmetry with a Scherk-Schwarz mechanism^ one needs 
one unrotated compactified dimension, i.e. our N=l orbifold has to possess N=2 sub-sectorsQ, 



whose twist leaves invariant one two-dimensional subplane pi ]. This means that the breaking 
takes place in an N=2 subsector of the full N=l orbifold. One does not introduce mass shifts 
in the twisted sector. Technically, this means that one breaks an N=2 subsector of the full 



orbifold to N=0 and leaves the N=l sector untouched |3T|. In addition, one has the completely 
untwisted sector, the so-called N=4 sector, which is broken to N=0 by the Scherk-Schwarz 
mechanism. 

To be more explicit let us consider the Z 2 X Z 2 orbifold with twists 9 = ~(— 1, —1,2) and 
u = 2, -1). The N=2 sectors are T e = {(1, 9), (9, 1), (9, 9)}, % = {(1, J), (u, 1), (u, u)} 

and = {(l,6u), (9u, 1), (9u, 9u)}. We shall introduce a Scherk-Schwarz mechanism w.r.t. 
to one coordinate of the third torus. Therefore only the N=2 sector^] Tg and the completely 
untwisted sector % = (1, 1) are appropriate for this procedure. As a concrete example for the 
Scherk-Schwarz breaking w.r.t. to the latter dimension (third torus subplane) we choose the 
following shifts on the internal charges |HTJ : 



n —>■ n , m —>■ m + p — -n , p^p — n. (3.21) 
Here n,m are the winding and Kaluza-Klein quantum numbers and p is the internal U(l) 



fermion charge. For more details see ref. |3~Ifl 



Introducing a Scherk-Schwarz mechanism w.r.t. to an untwisted plane of an heterotic N=l 
orbifold which has N=4, N=2 and N=l subsectors will break these subsectors to N=0, N=0 and 
N=l subsectors, respectively. Thus in the following two subsections we shall discuss separately 
the breaking N = 4—>N = 0in the N=4 sector % and the breaking N = 2^N = 0in the 
N=2 sector T e . 

3.2.1 Cosmological constant for Scherk-Schwarz N=4 — > N=0 

The breaking from N=4 to N=0 represents one of the basic supersymmetry breaking pattern 
triggered by a Scherk-Schwarz mechanism ||34|| . Let us calculate the cosmological constant for 



this case. We consider the heterotic string compactified on five string size circles and one circle 
of dimension R. The shifts ( |3.21| ) refer to this latter circle. In the N=4 partition function these 
shifts imply a fermion charge dependent coupling of the circle partition function A/' 50( - 1 ' 1 ^(g, q) 

33 Also known as coordinate dependent compactification. 

34 A large internal dimension may lead to unwanted large gauge couplings. It was argued in |3l]| , that this 
can be avoided in the super symmetric case, when one discusses models with vanishing N=2 beta-function 
coefficients b^ =2 . As a side remark let us point out, that this is not the right condition to meet. Even for 
b^ =2 — there are always additional universal gauge threshold corrections, which become huge for large extra 
dimensions ]3^] . The correct condition to avoid large threshold corrections is b^ =2 — 12 |52[ In ref. (3^] 
examples of N=l orbifolds were presented, which have N=2 sectors and meet this condition. However, there 
may be further contributions to the gauge coupling, which go like ln(T 2 ), 1/T 2 , l/T^, ■ ■ ■ from the .D-density, 
accounting for IR-effects, anomalies or higher loops. Their size is much smaller than T 2 , but should also be 
canceled in addition and impose further string constraints on the models. 

35 In the following, whenever we talk about N=2 sector we have in mind that special sector. 
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to the fermionic sectors J2( a i3)(~ 1) 



whose effect can be written: 



Ar so &%,q) £(-l) a +^ 



eq. (3.21) 



(«,/9) 



with 3f 



and: 



Pr/l = -j= ( [m + i(a + n)] =F Rn ) . 



(3.22) 



(3.23) 



(3.24) 



With the lattice functions (|D . 1|) defined in the appendix D we may express the r.h.s. of ( |3.22| ) 



(«,/3) 



(O -O 1/2 ) + fl 2 (S -S 1/2 ) + 6 4 (O + O 1/2 ) . (3.25) 



Thus, the total partition function can be writtenF] 

Zr (q,q) = r 2 2 C(q,q) \-t z (O - 1/2 ) + e\ (S - S 1/2 ) + e\ (O + 1/2 
with the modular function C(q,q) = fj^ 12 r]~ 24: El .A/so(5,5) (?> The cosmological constant 

d 2 r „ , , /■ d 2 r 1 



(3.26) 



V2V=4^iv=o(-R) = [ — Z To (q, q) = f — — (So - S 1/2 ) Q\ C(q, q) 
JT t 2 Jr 2 T 2 t 2 



(3.27) 



may be evaluated in a way similar to that of the previous subsection by noting that £q(R/2) — 
S l/2 (R/2) = A/^) (1,1) - We arrive at: 



V, 



_ 93C(5) 7 o r ° 16V2 „ To N 5 / 4 

- o{R) ~ + -r^ Jt*. lN W 5/2 



p>0,odd 
JV>1 



A-rcRpVN 



(3.28) 



Again, only the relative number of boson and fermions 7^° contribute: 

7n Q N Q N = 32 ( 257 + 5120 (f A + 40800 (P T 2 + 162560 q* qi + . . . 



N>1 



(3.29) 



We assumed the five dimensional string-size lattice 50(5,5) to be orthogonal, i.e. 
Nso(5,5){q,q) — Wn=i(q, q)} 5 . Let us point out that after imposing the shifts ( |3.21|) the R — > 
1/R duality is no longer a symmetry of the theory. This may be easily checked in expression 

CT- 

36 Whereas this form is convenient for questions like modular invariance, it may be not obvious, that in the 
field theory limit (zero windings) integer KK momenta correspond to bosons and half integer momenta to 
fermions. However, after explicitly working out the l.h.s. of (3.25) and dropping the odd winding functions 
Co, Oi/2 one realizes, that the (NS,NS) sector comes with £0 while the (R,NS) sector appearing with £1/2- 
Thus in the field-theory limit of ( [3.25] ), £q and £1/2 are to be associated with bosons and fermionic states, 
respectively. 
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3.2.2 Cosmological constant for Scherk-Schwarz N=2 — > N=0 



a heterotic 
in flQgp 



An N=2 sector of an N=l heterotic toroidal orbifold represents an orbifold limit o 
compactification on K3 x T 2 . This means that two of the four complex fermions 9 
are twisted by the orbifold group. Furthermore the bosonic oscillators and gauge bosons are 
twisted. Embedding the twist 9 = |(1, 1, — 2) in the partition function ( |3.26| ) gives us the 
relevant partition function for the N=2 sector Tq 



Z Te (q,q) = iO Q -0 



1/2) 



9 2 , 



9(1,9) + 



U 2 U 3 



el 



9(9,1) 






^3 


2 


u 2 u 4 


2 ^ 


- 


01 


9(9,1) - 




9(9,9) 1 



m 

o 2 , 



9(1,9) 



U 2 U 4 

el 



9(9,, 



(3.30) 



with the functions 



9(1,9) 
9(9,1) 
9(9,6) 



Ei . 4 



'2 ^18^6 V^3 



+ 0\) N R= i{q,q) 



T. 



E 4 



+ 0t)Af R=1 (q,q) 



2 ^18^6 V^3 

r, 2 -^ (-0t + 0l)Af R=1 (q,q) 



(3.31; 



^18yj6 



which take into account the (untwisted) E 7 x E$ gauge degrees of freedom, the other unrotated 
string-size internal dimension and the untwisted oscillators and zero modes. As in the Harvey 
model, we may conveniently express the integral for the cosmological constant as an integral 
over the extended fundamental region JF 2 , which accounts for the three different N=2 subsectors 



[1,9), (9,9), and (6,1): 



V, 



N=2^N=0 



(R) 



F T 2 

r 2 r 2 i 2 



z T B (q, q) 







2 


o\o\ 


2 \ 


- 


01 


9(9,1) - 


01 


9(9,9) 1 



(3.32) 



By noting, £ (R/2) — £i/ 2 (R/2) = A/"n^) we ma Y proceed similarly to the previous sections 
to obtain for (|3.32j) 



yj^tli il 1L p> o,odd ¥ 

N>1 



(3.33) 



with the degeneracy coefficients: 



E tq N 



N>0 



512 2 + 8 q* q± + 255 q* q? + 1016 q± q± + 25032 qq + 94720 q* q± 



+ 844822 ql + gi 3031480 qi qi + 22155392 q 2 q 2 + .. . ) 



(3.34) 
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-1024 ^ 0, i.e. 



We see that in contrast to the Harvey model in D = 5 we now have 7 6 
boson-fermion non-degeneracy already at the massless level. 

Ultimately, we are interested in the cosmological constant for our Z 2 x Z 2 orbifold model, 
whose N=l SUSY is broken to N=0 by the Scherk-Schwarz mechanism ( |3.21|) . The cosmological 



constant of the untwisted sector ( |3.28|) and that of the N=2 sector ( |3.33|) are the only in- 
dependent contributions to the complete cosmological constant. Thus we may write: 



1 1 

Vat =1 _ +A t =0 (_R) = -Vn=4->n=o(R) + -^Vn=2-*n=o(R) ■ 



Using the expression eq. (8.451.6) of |L2| 

K 5/2 {z) = 



7T / 3 3 

2T + - + - 



we eventually rewrite ( |3.33| ) and also ( |3.28| ) in terms of polylogarithms (x 
field-theory calculations 0. Thus, (|3.35| ) finally takes the form 



V(R) 



93C(5)7o 4 
64vr^ + R 2 jL 



-Cis(—x 



7jv N 
3 



Ci^{x 



+ 



4nRVN 



-x 



AtcRVN 
3 



16tt 2 R 2 N 



CiAx 



Ci 5 { 



+ 



(3.35) 



(3.36) 



e AnR ) as done in 



Ci,{x^ N ) 



16n 2 R 2 N 



-x^) 



with 7tv = 1/4(7Jy + 7^ 8 ). It is interesting that eq. ( p.37| ) has (up to an overall model depen- 
dent factor, represented by 7tv) the same analytic form as the scalar potential has in ("KK 
regularized") field theory, but the latter cannot explain/account for the contribution of wind- 
ing modes' effects which however includes. For comparison, see subsections 2.2.1 , and 2.2.2 . 
eqs.( |2.39D , ( |2.48p , which are just particular cases of the above result for iV = 0, N = M? 
respectively. The origin of this similarity was discussed in section [2.5| and is traced back to 
eq.( |3.18| ) which bears some similarity in form to that of the scalar potential eqs.( |2.35| ), ( |2.43p 
(with the formal limit A — > oo in the expression of the potential). See |J and references therein 
for further (field-theoretical) details. 

Although we have calculated the result ( |3.35| ) for a Z 2 x Z 2 orbifold model (with Scherk- 
Schwarz breaking), up to trivial factors this result should also hold for other orbifolds vacua. 
Similar generalizations are known for N=2 orbifolds |33[]. In particular, the modular functions 
appearing in ( p.30|) should serve as generic building blocks for N=2 orbifolds with Scherk- 
Schwarz breaking. 



(3.37) 



3.2.3 Validity of perturbative string calculation and Hagedorn— transition 

String theories in D space-time dimensions with supersymmetry broken by a Scherk-Schwarz 
mechanism w.r.t. an internal dimension of radius R behave like D + 1-dimensional supersym- 
metric string theories at finite temperature T = \/(2ttR). It is notorious that in such theories 
a Hagedorn temperature exists, at which various physical quantities develop singularities. See 
ref. |35| for an interesting recent account on this topic and further references. In this section 



we have to ask what such a critical radius means for our cosmological constant calculations in 
the previous sections. 
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We have seen that in perturbative heterotic string theories in D space-time dimensions 
with one internal dimension of size R (in string units) and 9 — D dimensions of string size the 
cosmological constant always takes the generic form 



/(It r i 
F m (£ - 6 1/2 ) + F m (O + 1/2 ) + F m (O - O l/2 ) (3.38) 

T~2 



if supersymmetry is broken by some discrete Z 2 -action 9. Here, the F{K g \ are functions de- 
pending on the compactification and supersymmetry breaking details and the £ and O are 
i?-dependent partition functions encoding the information about the KK and winding num- 
bers (see Appendix D for further details). One may worry whether the integrand is absolutely 
convergent for generic R, which is a necessary condition to exchange the order of integration 
and the summation. Usually the partition functions are expanded as a series in q and q, which 
represents a good expansion as long as r 2 > 1 and the mass squared is positive. Of course, 
all the lattice functions £ and O share this property. However, the functions F^,g) ma y have 
negative powers in q and q, which in the integrand lead to an /i?-singularity at r 2 —>■ oo. In 
practice it proved to be very useful to rewrite (|3.38|) : 



/d/r 
1^1% (£o-£i/ 2 ) • (3.39) 

Then, due to F^^(O +O 1/2 )(-l/r) = |r| 2 - D F( lie )(£ -£ 1/2 )(r) negative q, g-powers in F(^,i)(r) 
manifest themselves as [TV-singularity r 2 — > in the integrand F(\^(£q— £y 2 )(r). The question 
is to what extent these negative powers may be canceled by positive powers coming from the 
lattice functions £ , O. Thus the lattice functions play the role of a regulator in the integrand. 
As these lattice functions depend on the radius R, this role may be lost when R reaches a 
critical value Rh, and the integrand becomes divergent. 

For concreteness, let us investigate this issue for the calculations in ( |3.27| ) and ( |3.32j ). In 
the integral (|3.27|) the functions appear: 



-6t(q) C{q,q) (O - Oy 2 ) = (-^ - ^ - p - - - . . . J (O - 1/2 ) , 

6t(q) C(q,q) (O + Oy 2 ) = + ^ + P + ^ + ^1 + ■ ■ ■ ) (O) + Oy 2 ) , 

16 

2 (q) C(q, q) (£ - £y 2 ) = —{So- £y 2 ) + ... . 

(3.40) 

The dots stand for terms with at least one positive power (in q or q). First, one may wonder, 
whether the 16/g-pole in the last function gives rise to a tachyon in the spectrum for any value 
of R. This may happen when we take the zero winding and momentum state (m, n) = (0, 0) 
from £q. However after Poisson resummation (cf. appendix D), the state (m,n) = (0,0) is 
removed in the combination £q — £y 2 . Moreover, since m? R = 0, to| = —1 it does not even 
fulfill level-matching. There is also a physical argument, that the 16/g-pole may not lead 
to a tachyon: The 9 2 refers to the Ramond sector, where tachyons never appear due to the 
vanishing zero-point energy in this sector. Since there is no (m, n) = (0, 0) state in the function 
C , the pole — 8/q in the first two functions of ( |3.40| ) does not give rise to a tachyon, either. 
On the other hand, the negative power combinations q^Tf 1 ! 2 may combine with the states 
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(±~,±1) from 1/2 , to give rise to tachyons (with Nl = = Nr), whose mass becomes zero at 
Rh = 1 + |v2, butQ negative below this critical radius Rh- Note, that a Poisson resummation 
removes this state in the combination O — 0i/2, but not in Oq + Oi/%. 

In any case, if the radius reaches the Hagedorn radius Rh (in string-units) 

R H = 1 + ^V2 (3.41) 

tachyons appear in the spectrum and the convergence of the integrand in (|3.27|) has to be 
questioned. In the previous calculations we assumed: 

R> R H . (3.42) 

For that case our cosmological constant calculation managed to project out these potential 
tachyonic states. This is the reason why we did not encounter any singularity in the final 
result. Nonetheless, these states are part of the spectrum and become tachyonic as soon as R 
is smaller than Rh- 

The temperature T# = 1/(2itRh) associated to the radius (|3.41| ) is known as perturbative 



Hagedorn temperature in heterotic string theory. Such a behaviour is quite generic in heterotic 
string models with supersymmetry broken by a Scherk-Schwarz mechanism. The functions 
appearing in (|3.32|) take an expansion similar to (|3.40|). Thus the above discussion may be 



repeated to verify the limiting radius (|3.41|) also for the integrand in ( |3.32| ). This behaviour is 
quite different from the model discussed in ||36|| , which interpolates between a heterotic string 
with gauge group 0(16) x 0(16) at large radii and E 8 x E$ at small radii and no Hagedorn 
behaviour is met. 

Eq. ( |3.42j ) may be in conflict, that we should have a small radius to keep the gauge couplings 
small. The gauge couplings increase with the radius due to threshold effects. In effect they 
may turn the gauge couplings into the strong coupling regime where our cosmological constant 
calculations are clearly no longer valid as new non-perturbative states (e.g. the NS 5-brane) 
may give rise to additional contributions. However, there are models, where such growth of the 
gauge couplings is avoided (cf. footnote 33). 



3.3 Cosmological constant: heterotic versus type / 

One of the main lessons of the previous section is that for heterotic string vacua with super- 
symmetry broken by a Scherk-Schwarz mechanism w.r.t. an internal dimension of radius R the 
string calculation always boils down to the generic form (cf. eq. ( |3.8| )): 

oo 

V(R) = J JB^m £ H (P) £ 7, e"^ 2 . (3.43) 

Here, U(p) is a projector. Without supersymmetry breaking U(p) = 0, in the simplest models 
with supersymmetry breaking we have H(p) = |[1 — (— l) p ). 

37 Let us remind, that one of the main differences between gauge-bosons and tachyons becoming massless 
at a critical radius is, that the mass of the gauge boson is positive for R ^ R cr ., whereas the tachyon mass is 
positive only for R > Rh and becomes negative for R < Rh- Of course, the latter fact is just the reason, why 
a particle, which becomes massless at Rh is called a tachyon. E.g. the power q" 1 / 2 is responsible for the gauge 
boson (m, n) = ±(i, —1) becoming massless at R cr . = \\f^ (with Nl — 1, Nr = 0). 
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One of the intriguing features of expression ( |3.43| ) is, that it equally describes the result 
of an (regulated) open string one-loop calculation in type / with super symmetry broken by a 
Scherk-Schwarz mechanism. E.g. the closed string result ( |3.27| ) has its type I counter part as 
open descendants 

" dt 



V(R) = J ^ 6 4 (tt/R 2 ) Q(it) + reg. 



(3.44) 



with the modular function [[37 



G(it) 



(d E + d ) 



Hi) 



1.2 



+ (d E - d, 



o 



(- + 1 

\ 2 ~ 2 



7] ( 



+ 



12 



9 3 (Uf 



N>0 



In e 



-wtN 



(3.45) 



encoding the open string spectrum and 64 accounting for the KK states of the open string. 
The two contributions to the cosmological constant originate from the annulus and Mobius 
amplitude, respectively. The Klein bottle contribution vanishes. For a recent review and a 
detailed list of references about supersymmetry breaking in type I we refer the reader to 
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The coefficients d E ,do are Chan-Paton factors. We shall comment on the second term, which 
comes from a regularization in a moment. After a Poisson resummation in 6 4 (it/R 2 ) we obtain 



V(R) 



-R 



dt 



p>0 



(-1)1 



J2 7v e 

7V>0 



-ntN 



+ reg. 



(3.46) 



which should be compared/contrasted with (|3.43|) . However, there is one important issue to 
respect regarding the second term. The type / expression ( |3.44j ) receives an UV divergence^ 
t — > for iV = from the zero momentum state m = in 9±(it/R 2 ). Usually this state is 
present in any one-loop type / calculation and has to be regularized, which gives rise to this 
additional term. This is a notorious problem from field-theory with KK modes (cf. section 
2). Since an open string does not have windings, an one-loop open string calculation always 
reduces to a (naive) field-theoretical calculation with a tower of massive string states (encoded 
in 0) and one should expect potential [/U-problems. 

It is argued in |39|], that the state m = is not present if ( |3.44| ) is uniformly regularized 
in the transverse closed string channel and the one-particle reducible diagrams are subtracted 
39|]. Another argument for the absence of the divergence is, that when summing over all 



one-loop open string diagrams the divergence drops out if certain conditions on the spectrum, 
which guarantee tadpole cancellation, hold. In practice this means that one performs a Pois- 
son resummation on 9±(t) in (|3.44 ), which converts the open-channel KK momenta to the 
closed-channel windings and subtracts the contribution of the zero-winding state ("Poisson- 
resummation prescription"). This situation reminds us of that of [13] and of the discussion in 
Section 2. 

Nevertheless it is remarkable, that the result of an one-loop heterotic string calculation 
with both KK and winding states looks like an (carefully regularized) open string one-loop 
calculation with only KK modes running in the loop. In particular, the appearance of windings 

38 It has been already pointed out in j37|], that also this type I model has a critical radius Rh, below which 
string excitations become less massive than the momentum excitations, and the cosmological constant ( 3.44| ) 
diverges. In this case the regularization method by which the integral (3.44) is defined is insufficient to control 
that divergence. 
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and/or modular invariance tells us, that this correspondence follows to lesser extent from the 
common underlying four-dimensional effective field theory^] but may be a consequence of a 
similar underlying regularization procedure using windings (and implying some sort of modular 
invariance) in both theories. Open strings with non-vanishing NS S-field, whose KK modes 



look like windings, may shed more light on this connections [40 . 



The analogy between the heterotic ( |3.43| ) and type / result ( |3.46| ) may sound familiar 



from heterotic type / dualities, where one-loop heterotic calculations are mapped to type / 
one-loop results. However, this duality is somewhat more subtle as e.g. in nine (or eight) 
dimensions an exact one-loop heterotic result comprises tree- up to three-loop results on the 
type I side [O, H2[. Moreover, non-perturbative corrections below nine dimensions complicate 



this map. But it is remarkable and close to our discussion, that e.g. the leading^ part of 
the one-loop heterotic threshold of the TrF 4 coupling in nine dimensions gives fl3.43p with 



H(p) = 1 (and N = 0). Heterotic-type / duality maps this correction, which is finite, to an 
one-loop open string result, written in the closed string-channel with the zero winding dropped: 

oo 

/f E e~ 2nR n /*. In fact, the heterotic zero winding and KK contribution maps to a tree-level 

n^O 

type / . 

3.4 Wilson line dependence of the cosmological constant 

In this subsection we want to investigate how our previous results for the cosmological constant 
change under the inclusion of one Wilson line w.r.t. to the gauge group. The mass of the 
heavy particles running in the loop depends on this additional modulus and thus gives rise for 
a Wilson line dependence of the cosmological constant. 
We introduce the (continuous) Wilson line 

A\ = a ( 1, -1 , 6 ) (3.47) 

(written in an Eg orthonormal basis) in the second E 8 gauge group. This choice makes sure, 
that an SU(2) subgroup of the E 8 is broken at generic values of a. In fact, (|3.47| ) reads 



/ _ „ ( 1 . n7 



a\ = a 



1 ; 7 ) w.r.t. an SU{2) x E7 root lattice basis. With this choice (|3.47|) the Narain 



momenta ( |3.24|) change as usual (see also |j43 



p R/L = ( i[m + -(a + n) + l -A 2 n + AN] Rn^j . (3.48) 

with the Eg gauge charges iVj. These momenta enter the lattice functions ( p.l| ), which account 
for the different spin-structures. However, now they are also coupled with the gauge group: 

£ = Y\ e -2^r 1 (m+f + iA 2 n+7V)n [( m +| + lA 2 n+A7V) 2 +n 2 i? 4 )] q \{N+Anf ^ ^ 



n.m 
NeEo 



with 5 = 0, 1 and similarly for Os/2 with odd windings n. After Poisson resummation on m 
they become: 

T~2 n,leZ 



39 This fact just explains that the cosmological constant is given by some sort of Schwinger one-loop integral 
with massive states running in the loop. 

40 That part of the full heterotic one-loop calculation, which is mapped to a one-loop corrections on the type 
/ side. As said before, the remaining parts are mapped to tree- and higher than one-loop parts on type /. 



32 



Due to the special choice ( |3.47| ), which breaks only an SU{2) subgroup of the E$ gauge group, 
it is possible to disentangle the remaining Ej partition function in the lattice sums Q3.49 ) and 
( ^.50[ ). As explained in appendix A of |3"3]] , this is accomplished by splitting the E 8 character 
function into a product of E 7 and SU(2) characters: 



EM = £ g^ 2 - £ ?**XT (?) + E <l lK2 Elf{q) (3.51) 

N£E$ K even K odd 



and analogous 



NeBs # even K odd 



with the Ej character functions: 

E%T(q) = 6 3 (q 2 ) 7 + 76 3 (q 2 )%(qY = 1 + 126 g + 756 g 2 + . . . , 

( g ) = 2 ( g y + 7d 2 {q 2 fd 3 {q 2 f = 56 g 3 / 4 + 576 q 7 " + 1512 g 11 / 4 + 

Thus, the lattice partition function (|3.50|) can be written: 

r 2 n,i 



(3.53) 



x 



e 27ri(ina 2 +a«_fsr) ^\{K+2an) 2 £J even ^ _|_ e 2m(lna 2 +alK) ^\{K+2an) 2 £]odd^ I 

I Keven Kodd ) 

(3-54) 

With this in mind we introduce the Wilson line (|3.47|) in the partition functions (|3.26|) and 
( p.30|) : The lattice functions £5/2 and Os/2 have to be replaced by (|3.54|) and one E^q) from 
the gauge partition function has to be dropped because it is already contained in (|3.54| ). For 
the r-integration we can make use of the same techniques as before, i.e. only the sector with 
the combination £q — £1/2 contributes at the cost of extending the integration from T to Ti- 
Furthermore, the orbit decomposition allows us to stick to the case n = , / = p by extending 
the integration JF 2 to the full strip 7i. Thus, we end up with integrals: 

00 

A(R, a)=i?/-^£££[l- (-1)1 e-^ 2 e 2 ^ K e~^ N j(N - V, N) , (3.55) 
p>Oiv>o/<ez 4 

which following the previous sections integrates to: 

o 2mapK i 

* n IX p>0,odd K={0,±1,±2} t> * 



OS/ 2 1 A/" 5 / 4 r /— 

+ psTi E E e 2 -^ 7 (iV--K 2 ,iV) — -K 5/2 [4KRpVN 



(3.56) 



N>l) 



The expansion coefficients j(M, N) are given in appendix F for the model discussed in section 
3.3. Again, only massless states, classified w.r.t to their SU(2) charge K contribute to the first 
term of ( |3.56| ). Thus essentially, a Wilson line gives rise to an additional "projector" e 2mapK . 
Its effect can be easily seen for discrete values of a. 
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3.5 One— loop corrections in heterotic Scherk— Schwarz models 

In this section we want to investigate the general structure of one-loop corrections in heterotic 
string theories in D space-time dimensions with one large extra dimension of size R and su- 



persymmetry broken by a Scherk Schwarz mechanism ( 3.21J) . The analysis will enable us to 
give the explicit form for the one-loop gauge threshold corrections in such models. From the 
previous subsections it is obvious, that the generic expression reads: 



j2 

W#) = / fl/2-n+l M R ) - £ V*( R )\ ■ ( 3 - 57 ) 



We assume, that the condition D/2 > n holds. The integer n depends on what kind of 
amplitude we are calculating. E.g. n = for a cosmological constant calculation and n = 2 for 
gauge thresholds. Furthermore, the function C(q,q) is a weighted partition function (elliptic 
genus) encoding the massive string states. It has modular weight n + 1/2 — D/2 under modular 



transformations of both r and r. After using the procedure described in subsection |3.1| the 
integral Id,u(R) takes the generic Schwinger-integral form (cf. eq. (|3.8|)): 



POO rjf ,rf? 2 „ 2 

W*) = R f E 7. E [1 " (-1)1 e~ 47rNt ■ (3-58) 

" ' N>0 p>0 



We suppose, that the analog of the ri-integration ( |3.9| ) cancells any negative N powers in 
( |3.58|) . We point out that the integrand is only convergent for the case (|3.42j ) and the limit 



R — > oo has to be taken with care. In this limit supersymmetry is restored and the projection 
onto odd numbers p is suspended^]. There will then be also a contribution from the so-called 

41 For completeness, we may present the analog of ( |3.57| ) for the supersymmetric case. Then we have an 
unshifted Narain lattice for the bosonic zero modes of the internal dimensions (cf. ( |3.3| )) and integrate only 
over the fundamental domain T: 

CT=/w E 1 iM2 * hlPB{2 C ^t) =e[ D/ fj n+3/2 E e-^" + -' 2 C(g,g) . (3.59) 
T r 2 (pl,pr) t t 2 (n,0 



As usual, we performed a Poisson-resummation on the momentum m (cf. ( Apart from C(q,q), which 
depe nds on the number of supersymmetries and may be even zero for certain couplings, the main difference to 
(3.6) is, that the sum also includes the state (n, I) = (0,0). It gives rise to a linear i?-dependence in (R) 



Rl -R I D/ 2-n +3 /2 C ^l) > 



F T 2 



in contrast to lD, n {R)- At present, we do not have a general expression for 7, except for D/2 — n = 1/2. In that 
case, 7 = § hm g{j2), provided the (in that case) modular invariant function C(q,q) meets certain conditions 

p4J . For a definition of g, see ( |3.9[ ). Altogether, we obtain for I™^(R): 

I%?(R) = «7 + 2i?EE — ^ K 1/2+D/2 _ n (AttRpVN 



N>0p>0 



7o R 2n - D r(l/2 + D/2 - n) C(l + D - 2n) , D^ 2n 

7o (\lE ~ ln-R- |ln47r) , D = 2n . 



(3.60) 



34 



zero-orbit p = (given by the first term of ( |3.60| )). Thus in the following we shall assume 
R ^ oo. 

The contributions N ^ and N = are evaluated, separately. For N ^ 0, ( |3.58| ) gives 



4*E E ^- 

and for the N = termP] we obtain 



7iv ^i/2+D/2-n UnRpy/N 



(3.61) 



tit 



o tf+i-«+ e 



E e 

p>0,odd 



2 „-> 



(3.62) 



For AT = the parameter e has to be introduced for the case D/2 = n, to regularize the integral 
62 ). This corresponds to some sort of dimensional regularization. See also Appendix C for its 



evaluation using a different procedure and ref. |42| for a similar situation and more details. To 
further simplify (|3.61|) , we restrict to even space-time dimensions D. In that case, the explicit 



representation for K~i/ 2 +D/2-n in eq. (8.468) of [0 can be used to proceed further. After some 
algebra eqs. (|3.61|) and ( |3.62D result in 



Id,u{R) 



2 D/2- 



R D I 



2-n 



E 7jv n° s 



D/2-n 



N>0 



k=0 



(D/2-n + k)\ 1 
A k k\(D/2 — n — k)\ (2nRVN) k 



^k+l+D/2-n ( X J 



[X 



-X) 



+ 



7o 



[2 - 2 2n - D )n-T 



-f +n R 



2n-D 



To (| 



IE 



T(l/2 + D/2 - n) ((1 + D - 2n) , D ^ 2n 
InR- Mnvr) , D = 2n , 



(3.63) 

with x = e~ AnR . Though we restricted to even dimensions D, the last term in (|3.63|) , which 
comes from the integral ( |3.62| ), is valid for any integer D. On the other hand, this term also 



shows us, that the structure of the one-loop threshold correction ( 3.57 ) is quite different for 
even and odd dimensions D. For odd dimensions the Riemann (^-function becomes elementary 



C(2a) = E 



i 



' 1 \s+l (2tt) 2 - p 

n=l 

one of the reasons, why field-theories in odd dimensions have a better UV behaviour. 



s > 1, with no need for a (^-function regularization. It is 



3.5.1 One— loop gauge couplings in theories with broken supersymmetry 

Let us apply these results for the gauge-threshold corrections in four space-time dimensions 
D = 4 , n = 2, in particular for the model discussed in section |3.2| . We remind the reader that 
the model has an N=4 subsector % and an N=2 subsector Tg, which are broken to N=0 by 
the Scherk-Schwarz mechanism. Furthermore an N=l subsector, which is not affected by this 
mechanism. The former two subsectors %, Tg will give rise to radius dependent contributions 
to the gauge couplings, while the N=l sector will not. For gauge thresholds the function C(q,q) 
has to account for the gauge and fermion charge insertion: Tr Q 2 a F 2 {— 1) F Hl5| |. Technically, this 



means, that the (light-cone) space-time fermion partition function from the RNS sector 



»?(<?) 



in ( ggp and (H) has t0 be replaced by 2 (q) -> ^[^(g) 4 + O^qf + E 2 (q)}e 2 (q) and similarly 



42 This contribution is reminiscent from an one-loop field-theory calculation with Kaluza-Klein modes running 
in the loop (cutoff sent to infinity). 
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in the other sectors. Furthermore, the E' 8 gauge partition function E^{q) has to be changed to 
|[_E 2 (g)i?4(g) — Ee(q)], if we are interested in thresholds w.r.t. to this gauge group G a = E$. 
Since E 2 (q) = E 2 {q) - ^ we encounter additional 1/V2 powers steaming from pinching the 
positions of the two gauge vertex operators. They bring back the original power of 1/rf of the 
cosmological constant calculation in ( |3.57| ), i.e. Iifi(R) = V(R), which has been the subject of 
the preceding subsections. In super symmetric vacua this term is canceled by the spin structure 
sum ||15|| . In total, the gauge thresholds assemble from the three contributions 

A a (R) = ^V(R) - -h A (R) + h >2 (R) (3.64) 

which are classified by their power in l/r 2 (besides their functions C(q,q)). The relevant func- 
tions C(q,q) for the model of section |3.2| will be detailed in appendix E. The second expression 



summarizes all other universal corrections to the gauge couplings, whereas the last term / 42 
comprises their group dependent part. See ref. |}2| for a detailed discussion about these terms 



in toroidal orbifolds. The contribution I42 has only a total l/r 2 power in the integrand of 
( |3.57|) which gives rise to the logarithmic contributions of the gauge threshold corrections in 



four space-time dimensions. In that case the integrand has to be regularized, which results in 
additional \n(R) terms and some scheme dependent constants (cf. last line of eq. (|3.63|) ). 



It may be a surprise, that the cosmological constant appears in ( p.64| ). However, the fol 



lowing argument explains, why the latter has to appear in the gauge threshold result for non- 
supersymmetric vacua: If these corrections are calculated in a background gauge field method, 
gravity has to be switched on to fulfill Einstein equation. The latter are supplemented by a 
cosmological constant term and should therefore modify the gauge threshold result. This is a 
novel effect in contrast to threshold corrections in supersymmetric string vacua discussed in 
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Using the ingredients from appendix E and the result ( |3.63| ) the one-loop gauge couplings 
( p.64|) for the model of section |3.2| take the form: 



9 93C(5)7o 3 7C(3)/3 (I 1 
9 4 _ A ^ (2 + fc)! 1 ( m , 

+ ~^L 1N N h#k\{2- k )\ (w^ fc+3 ( x ) 

3 2 v 1/2 * (1 + AQ1 1 / </n\ 

«r& PnN S 4**1(1-*)! J^7W Clk+2[x > 

+ a N Ch (x^) - (x -> -x) . 

Af>0 



(3.65) 



The first line gives the contributions from the massless sector iV = 0, whereas the polylogarithms 
account for the massive string states with mass level N. They are exponentially suppressed with 
the radius R. The second line is nothing else than ( |3.37|) . The coefficients = l/4(a^ + a^f) 
and Pn = l/4(/3jv + 0n) can be picked up from the appendix, whereas 7^ is introduced in 

As we have pointed out above: In the limit R — > 00 supersymmetry is restored. In that case 
the state p = 0, i.e. (l,n) = (0,0) in ( |3.58| ), gives a term linear in R in agreement with gauge 
thresholds results for supersymmetric vacua with four or eight supercharges (cf. (|3.60|) ) (for 
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sixteen and more supercharges, C(q,q) = 0). One interesting observation to make at fl3.65| ) is 
that the gauge thresholds do not have a linear power dependence in R, which means, that the 
gauge couplings do not blow up in the decompactification limit. It is clear, that the N=4 sector 
(entering (|3.65|) through the coefficients and firf) should show such a behaviour, because 
N=4 supersymmetry is restored in the decompactification limit. This behaviour has also been 
demonstrated for heterotic models with N = 4 — > N = 2 Scherk-Schwarz supersymmetry 
breaking H44| . However, we point out, that also the N=2 sector (encoded in the coefficients 
and /3jv ), which is broken to N=0, shows such a behaviour. Again, like the cosmological constant 
(cf. previous section), (|3.65| ) takes the same analytic form as the corresponding regularized type 
/ result UTi 



3.5.2 One— loop Yukawa couplings in theories with broken supersymmetry 

After having investigated the one-loop cosmological constant and the gauge threshold correc- 
tions in heterotic string vacua with supersymmetry broken by a Scherk-Schwarz mechanism, 
in this section we shall discuss the one-loop Yukawa couplings. 

In four-dimensional effective supersymmetric string-theories with canonical renormalized 
Einstein term the Yukawa interactions between massless matter fields appear in the form: 

C ~ 9 s trin 9 ^ W ijk ^ + he. . (3.66) 

The function W^k depends holomorphic on the moduli fields and is the matter and dilaton 
independent part of the Kahler potential. Thus for the simplest case of one modulus R in a 
string compactification from five to four dimensions, we have: G^ = —2 In R. Effective super- 
string theories are best described by conformal supergravity with a linear multiplet accounting 
for the dilaton superfield |^5| . The scalar of the compensator is fixed (once) at tree level to get 
a canonical Einstein term. The first two additional factors g s tring^ G 0> in (|3.66|) result from this 
fixing. Thus they refer to tree-level quantities. Moreover in this setup, the F-density encod- 
ing ( |3.66|) may not depend on the linear multiplet, which governs the string-loop expansion. 



This has the consequence that there is no possibility, that ( |3.66| ) may receive any perturbative 
corrections beyond one-loop. Any possible renormalization of the Yukawa couplings has to 
arise from the .D-density. More precisely, the physical Yukawa couplings \j k are modified by 
corrections to the matter field Kahler metric Z^ = zf^ + g 2 string Z^ + . . . : 



\jk — gstring e 2 ° W ijk [ZqZ^Z^) 1/2 



tree 



\jk 



string | ^.(Q) 




(3.67) 



The second line expresses the one-loop approximation. In particular, to obtain the fermion 
masses m^- = Xijk(h k ), one of the metrics refers to the Higgs field h. 

The question is how much of the above discussion can be taken over to non-supersymmetric 



effective string theories as they arise e.g. from the model discussed in section |3.2| . The particular 
feature of toroidal orbifolds with supersymmetry broken by a Scherk-Schwarz mechanism is 
the survival of an N=l subsector, which is untouched by the supersymmetry breaking pattern. 
Thus its contribution to the effective action should still be organized by N=l supersymmetry, 
in particular by the linear multiplet formalism reviewed above. Thus Yukawa couplings which 
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only involve matter fields from such an N=l sector should appear in the effective action in the 
form (|3.66|) . Therefore, by the same arguments as above the physical Yukawa couplings Ay^ 
between twisted matter fields should only be corrected by their wave-function renormalization 

Let us now come to string theory. There, the most canonical way to calculate possible one- 
loop corrections to Yukawa couplings is to consider the ^-matrix (V^(zi) V^z^) V^[zj)) of two 
fermions and one scalar. Depending on the region of integration Zi this amplitude comprises 
both one-loop vertex corrections l^l, \z\^\, \z%-$\ > e and one-loop propagator corrections (to 
the external legs) from pinching e.g. z\ — > Z2- In a supersymmetric string vacuum only the 
latter contributions give a non-vanishing result whereas the one-loop vertex correction vanishes 
as a simple result of applying Riemann identities [0. This has been explicitly demonstrated 
for heterotic orbifolds in ref. JI7| ]. This means, that in agreement to the above field-theoretical 
arguments Yukawa couplings are not renormalized at one-loop in supersymmetric string theo- 
riesQ, although there are one-loop corrections Zg to the wave function, modifying the physical 
Yukawa couplings ( |3.67p . The moduli dependent corrections Yj := /Z^ appearing in eq. 
( P.67 ) have been calculated for untwisted matter fields in supersymmetric N=l orbifoldF] mod- 
els [50]. There, the functions Y; turned out to be proportional to the gauge threshold corrections 



0- 



On the other hand, in generic non-supersymmetric string vacua, the Yukawa string S- 
matrix may provide not only non-vanishing propagator corrections but also non-zero 
vertex corrections Sijk, due to the lack of the relevant Riemann identities. Therefore, in general 
the relation ( |3.67| ) is modified in non-supersymmetric vacua: 



A 



A 



tree 
ijk 



1 



9st7 ■trig 



Y + Y k 



I 2 r 
' 9 string 



(3.68) 



As in the case of gauge threshold corrections (subsection ^.5.1| ) the quantities Yj receive radius 
dependent contributions from the sectors % and Tg, only. Like in the supersymmetric case 
they take the same radius dependence as the one-loop gauge thresholds ( |3.65| ). It represents 
a major task, to determine S^k for non-supersymmetric string vacua as one has to deal with 
spin fields arsing in the fermionic vertex Vf besides string world-sheet instanton corrections at 
one-loop [|51j]. Though very important, a calculation of 8^ is beyond the scope of the present 
article and we leave this for an interesting future project. However, from the experience made 
in section [375], it is obvious, that the calculation of S^k must result in an integral of the form 



Q3.57D , which always gives rise to power suppression in the radius R [cf. eq. (|3.63|) 1. 



4 Conclusions 

The paper investigated the properties of the scalar potential/vacuum energy in effective field 
theory models with one additional compact dimension, as well as in the heterotic and type I 
string compactifications. 

In the effective field theory approach there are additional KK states associated with the 
extra dimension which affect significantly the scalar potential. The limit of summing the 

43 In fact, the whole holomorphic superpotential W is perturbatively not renormalized in supersymmetric 
string vacua 

44 The physical Yukawa couplings A'^ e between three untwisted or one untwisted and two twisted matter 
fields are constants. See refs. Q for further details on tree-level orbifold couplings. 
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whole Kaluza Klein tower was investigated to show the absence at one loop of quadratic and 
logarithmic divergences in either the bosonic or fermionic sector, respectively. In this mechanism 
the presence of states of mass larger than the cut-off the 4D effective theory played an important 
role 0. This prompted us to investigate this problem in the context of string theory. 

While the scalar potential/Higgs mass receives a finite (Yukawa) contribution in the "KK 
regularization" limit at one loop level, the dependence of the perturbative expansion on the 
Yukawa or gauge couplings may make this result ultraviolet sensitive at two loop level and 
beyond. This dependence is due to the fact that the "running" gauge and Yukawa couplings 
are ultraviolet sensitive in one loop and higher orders. Gauge corrections can bring a quadratic 
divergence even at one loop level || . The non-renormalizable character of Kaluza Klein models 
may further enhance this ultraviolet sensitivity. 

In section 3 we derived formulas for the one-loop cosmological constant ( p.43| ) and gauge 
couplings ( |3.65|) for generic D = 4 string compactifications with supersymmetry broken by a 
Scherk-Schwarz mechanism w.r.t to one internal circle of radius R. In particular, the one- 
loop gauge couplings show a logarithmic dependence ( |3.65| ) on the compactification scale R in 
contrast to a linear R behaviour in the corresponding supersymmetric case (|3.60|) . Our results, 
also relevant for D = 5 supersymmetric string theories at finite temperature T = 1/ (2irR) , can 
be nicely rewritten in terms of polylogarithms appropriate for a comparison with field-theory 
(cf. ( |3.37|) , (|3.63|) and ( |2.41| ), (|2.48|) ). We compared our heterotic string calculations, which are 
UV finite due to the power of world-sheet modular invariance or/and the interplay between 
KK and winding states, with corresponding type I calculations. In general, the latter need to 
be regularized like ordinary field-theories. However, their finite part assumes the same analytic 
form (|3.46| ) as the heterotic results. This correspondence at one-loop may be a remnant of 
heterotic-type I duality in nine dimensions. 

Arguments in favor of a full string calculation were presented in the framework of general 
Kaluza Klein (orbifold) models. It has been shown that the limit of summing the whole Kaluza 
Klein tower provides a result compatible with a full (heterotic) string result which actually 
includes not only the effects of KK states, but also the effects due to winding modes as well, 
whose presence cannot be explained and is not accounted for by current field theory calculations 
or "KK regularization" . An explanation why these two results are equal has been suggested in 
Section 2.5 as due to a discrete "shift symmetry" in the absence of winding modes (see ||23||), 
as a remnant of modular invariance in (heterotic) string theory. Further, the comparison of the 
effects of KK states alone in the effective field theory and string theory shows that they have 
different structure, and that the field theory limit of the string result requires a truncation of 
the KK tower to match it onto an effective field theory result with Kaluza Klein states of mass 
below some cut-off of the order of M s . In this way the heterotic string can provide a physical 
regularization scheme of the 4D effective field theory result with a truncated tower of Kaluza 
Klein states. 

From this analysis we conclude that radiative corrections generically tend to raise the value 
of the relevant physical quantities (as e.g. Higgs mass) towards the string scale M stTing . Unless 
protected by a symmetry like low energy softly broken supersymmetry, the ultraviolet sensitivity 
of physical quantities will be manifest, even in the case of a large extra dimension 1/R -C M str i ng . 
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Appendix 



A Kaluza— Klein sums 

We have the following mathematical identities 

^ p 2 + n 2 (k + u') 2 _ cosh(2p) - cos(2W) 

11 p 2 + vr 2 + cj) 2 ~ 11 cosh(2p) - cos(27ro;) ^ ' ' 

This relation can easily be proved using the following mathematical identity 0]: 

cosh(2p) - cos(2W) = 2 sin 2 (W) ft ( 1 + ^TT J ( A ' 2 ) 

We take the logarithm of this last equation which we then write for both uj and a/ and subtract 
the two results to reconstruct the left hand side of equation (|A.l ). Further we make use of the 
following identity |12| : 



sin tclu' I to' — uj 



sin 7TUJ fci^V k + uj 
We take the logarithm of this expression and after some algebra we can easily recover from the 



last two equations, the result of eq. QA.l 



In the text we also made use of the following sum of the effects of a truncated tower of 
Kaluza-Klein states, which is proved below 



fctl/ p + n (k + w ) 



with the notation 



and 



and finally 



^ = ln cosh(2p) - cos(2W) 
cosh(2p) — cos(27rc<j) 

(A.6) 

[p 2 + 7T 2 (/ ± Cj) 2 J* 

In these equations the symbol [p 2 + 7r 2 (7 ±u;) 2 ]* means that a product of the expression within 
[..]* with all combinations of plus and minus signs is considered (similar for [r[(Z±u/±ip/7r)]*)). 
We observe that taking the limit I — > oo should recover the result of eq. (|A.l| ). Since the second 
term [Z\) in (|2.7|) has vanishing limit (I — > oo, for fixed p) we conclude that the last term of 
( |2.7|) (2 2 ) has in such a case a vanishing limit as well. The integral of Z , Z\ and Z^ with 
respect to p leads to the potentials Vo, Vi and V2 respectively, eqs.( |2.12D , (|2.13|) , (|2.14j ) in the 



text. For the aforementioned reasons, in the limit of large I and fixed A, the potentials Vi and 
V2 vanish. 
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To prove eq.( |A.4j ) we start with the following mathematical identity 



hi(a + 7c(k + u/)) = - ln(a + ttu/) + In T(l + I - J - a/vr) + In T(l + I + J + a/n) 

k=-l 

-]nT(u' + a/n) -\nT(-uj' - a/tr) (A.8) 

We write this equation with the replacement a — > ±ip; then we re-write the obtained result for 
the case with uj' — > u; we then subtract the two results to reconstruct the truncated sum of the 
left hand side of QX1]). We find that 



' p 2 + 7r 2 (fc W) 2 



. p 2 + vrV 2 , [p 2 + 7T 2 (/±^) 2 ] 
— In — + m 



p 2 + 7r 2 a; 2 



[ P 2 + 7T 2 (/±CU) 2 ], 



-In 



[r(±o/ ± ip/n)}* , [r(Z ± w' ± ip/n) 



[T(±uj±ip/n)l [T(1±lu±i P /ti) 
where for the terms T(l + I ±o/ ± zp/7r) we made use of the relation 

r[l + x] = xT[x] 
In eq.( |A.9|) we apply the identity written below 



(A.9) 



r(aW) 



r(a + 7 )r(/3- 7 ) 



fc=0 



n 1+ 



7 



k + a 



7 



(A.10) 
(A.H) 

More explicitly we consider the logarithm of this equality for the case (a, (3 — > a/, 7 — > ip/ft) 
and also for the case (a, (3 — > —a;', 7 — > ip/it)- This will provide us an expression for the third 
term in ( |A.9| ), ln[r(±u/±ip/7r)]*. We further replace the products of T functions of arguments 



k + p 



of opposite signs T(—uj')T(uj') by the identity [[12 

r[u/]r[-u/] = - 



7T 



a/ sin 7ru/ 



(A.12) 



Finally in the result for the truncated sum ( |A.9| ) we replace the infinite series of ( |A.11| ) with 
the left hand side of equation (|A.2|) to obtain the desired result, eq. (|A.4j) . 



B Asymptotic expansions for the potential 

In this section we study the asymptotic behaviour of the product of Gamma functions 

[r(i ± ^ ± w,)], 

[r(/ ± CO ± ip/n)]* 1 ; 

when their arguments have a large modulus, i.e. when \l + ip/ir\ is very large, without specifying 
the relationship between / and p. For this we use the following expansion valid for large \z\ []T2|1 



lnT(z) ^ z\nz - z - - \nz + - \n(2n) + — + 0{z~*) (B.14) 

2 2 X 2/2 
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We therefore apply this equation by replacing z with the various arguments of Gamma functions 
present in (p,13| ). After some algebra we find that 

, [T(l±u/±i P Ml . f 11 [p 2 + n\l±uj')% 
n \r(l±w±ipMl ~ I 2 J 11 [p 2 + vr 2 (/±^) 2 L 



, J ip , [ 7 r(Z±q; / )+^ tt 2 (1 W) 2 + p 2 

+ \ 7 ln [tt(Z ± u;') - ip]. +Uln vr 2 (/ - c') 2 + P 2 " ( 



2 




+ „, ■ ■ ..,v» -0" ^) (B.15) 



p 2 + 7T 2 (/ - CU') 2 P 2 + 7T 2 (/ + CJ') 2 

This expression is then integrated piecewise to provide an asymptotic behaviour of Vzifi) for 
large value of the absolute value of the complex number / + iA, without a restriction on the 
relative behaviour of I and A. The first term in (|B.15| ), when integrated gives a contribution 
proportional to Vi, so a cancellation of quadratic and logarithmic divergences as noticed for Vi 
applies in this case, too. For each of the other two terms a similar cancellation takes place. 



C Kaluza— Klein Integrals 



In this section we provide useful mathematical formulas needed to evaluate various Kaluza 
Klein integrals. Their asymptotic behaviour will also be carefully investigated. 

We would like to investigate the behaviour of the following Kaluza Klein integrals, for 
a = —2 which where encountered in the text, while evaluating the vacuum energy. 



1 r°° °° 

j(c 2 ,a) = -jf dte- 1 £ 



k=— oo 



and 



1 poo 



-(fc+l/2) 2 7rf 



(CI) 



(C.2) 



k=— oo 



As a first step we provide a useful integral representation of Riemann zeta function [|12|] valid 
for all complex/real values of its argument, a. 



C(2a) 



7T 



r(a) 1 2a(2a - I] 



, £= / dt(r 1/2 - a + f- 1 ) y £e-* 

J 1 k=l 



TVt 



(C.3) 



It is useful for our purposes to transform the integral of K into a Kaluza-Klein integral, with 
lower limit of integration equal to e 2 — > 0. 



POO X ,, POO x 

K(a) = / dtr l / 2 - a Y, e + / dtt a ~ l Y,e 

Jl k=l jl k=l 

r l OO -oo oo 

= / dt t~ 3/2+a jr e ~ 11 + dte- 1 ^ 

*^€ 2 7 — 1 -'1 ; — i 



-k 2 TTt 



-k 2 TTt 



l r 1 



2Je 2 



J2 e-^-l 

fc = — OO 



fc=l 

oo 



/•oo ^ 

+ / dtt^y, 
jl k=l 



-k 2 irt 
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l r 1 



2Je 2 



dtr 3 / 2+a 



t 1/2 E e 

k=—oo 



-k 2 nt 



dtt 



a-l 



E e 

k=—oo 



- 1 



Z{e\a)-- f 1 dtrV 2+a -- r dte- 1 

2 Je 2 2 Jl 



(C.4) 



where in the last step a Poisson resummation over k has been performed under the first integral. 
We therefore find the following behaviour of Z(e 2 , a = —2) 



I(e ^ ,a = -2) S I£°* £ e 



-k 2 irt 



k=— oo 



^« 5 » + k 5 



(C.5) 



To evaluate J^(e 2 , a) we split its Kaluza Klein sum over odd and even k to find that 



1 ' e\a] 



2 Je 2 

1 /"OO 



E e 

k=— oo 
oo 

E e" 

n=— oo 



+ - 



dtt 



a-l 



2i t 2 ^ 2 Je 2 

n=— oo 

which after a rescaling of the integration variable t, t — > t' = 4t gives 

J(e 2 , a) = 4" Q X(4e 2 , a) + 4~ a l 7(4e 2 , a) 
Using the expression of Z(e 2 , a = —2) we find that 



E e 

n=—oo 



-4(n+l/2) 2 7rt 



J(£ ^o, a =- 2 )4/;* f 



fc=— oo 



-, +1 /^^_L c(5) + i e - 5 



(C.6) 



(C.7) 



(C.f 



We therefore find the following results for fermionic and bosonic Kaluza Klein integrals used 
in the literature: 



y;jt e -v/*=irt(«",<,=-2)=i f {^(5)4-« 

K= — OO 



and also 



1 ("OO r/+ 00 

- / ^ V e -( fe+1 / 2 ) 2 ^/ R2 = iT 4 .7(e 2 



a 



i?U 16 47r 2a5j + 5 e 



(C.9) 



(CIO) 



which shows that the two integrals above have same type of divergence, in e 2 = with equal 
coefficient multiplying it and canceling in their difference. The origin of this divergence for 
(a = —2) can be traced back to the k = Kaluza Klein mode added and subtracted under the 
first integral in the third line of eq.( C4 ). In terms of a dimensionful lower limit of integration, 
e 2 = e 2 R 2 , e oc (mass)~ l we find 



e~ k2 ^ 2 =R-*l(e 2 /R 2 ,a = -2) 



k=— oo 



(an) 



and also 



1 roo oo 

-/ T E e-( k+1 ^ R2 =R- 4 J(e 2 /R 2 ,a = -2) 

2 Je2 * k=-oo 



5 I 5 

i? 4 16 4vr 2SV ' 5 V ; 
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or 



1 dt g ^_ k 2 vtjB? _ 



-(k + l/2) 2 TTt/B? 



1 31 3 
16 4^2 



C(5) 



(C.13) 



£ " k=~oo 

encountered in the text. The conclusion is that neither X(e 2 / R 2 , a = —2) nor J[e 2 / R 2 , a = —2) 
has any quadratic or logarithmic divergences after summing up an infinite tower of states. 



Using the same procedure we also find the following result for the integrals used in Sec- 
tion [3J| eq.flpD for n=2, D=4, N=0. 



-fc 2 7Tt 1 1 ' ■ 1 



l(e 2 ,a = 0,A) = -l 2 j £ e- fc ^ = - 7s --ln(4 7 r) + e - 1 + -lnA, A -> oo (CM i) 



fc=— oo 



and 



(C.15) 



fc=— oo 



Therefore the divergence e 1 will cancel in the difference of the two integrals which is equal to 
(for R finite) 

l r A ^ dt ~ 

\ \( - ( "■ ' " ,; . ^ 



1 /-A->oc dt °° r , 

V = - - V e" fc 

2 t 1 



- ^-lnvr + lnA-ln/? 2 ) (C.16) 



Note that "P is the Poisson re-summed form of equation (|3.58| ) . Indeed 



(C.17) 



n>0 



Note that the divergent part In A is removed from the expression of V, eq .( |C.16| ) by the massless 
modes accounted for by the term subtracted from the partition function under the integral 



over the fundamental domain which gives the general formula for the gauge thresholds [ 16) . For 
this reason In A is not present in the final result, last line of eq.(0 



D Lattice functions 



It is convenient to introduce the lattice functions fp7 
So = 



2-rriTimn —• 7TT 2 [^+n 2 R 2 ] 



£l/2 

O 



o 



1/2 



E < 

mSE Z 
t,£22 

e 27ri7i(m+|)n e -7rr 2 [— 



nS2Z 



E 

n£2Z 



3 27riri(m+i)(n+l) p -^[ (m ^J )2 + (n+l) 2 fl 2 ] 



m6Z 
n£2Z 



(d.i; 
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Poisson resummation on ( p.l| ) leads: 



So 


R 

~ 1/2 


E [1 + 

n,l£Z 


(-1)1 e 


_2LRiu +nr |2 
r 2 1 1 




£1/2 


R 

1 10 

T 2 


E [1 + 

n,leZ 


(-l)l(- 


1) e T 2 1 ^ 1 , 






R 

1/2 


E [i- 

n,ZeZ 


(-1)1 e 




(D.2) 


o 1/2 


R 

1/2 
T 2 


E [i- 


(-1)1 (" 


-1)' e-^l^' 2 . 





The modular properties for these functions can be easily deduced: 

S (-l/r) = -\t\ (S + S 1/2 + O + 1/2 ) 
£i/2(-l/r) = -|r| (S + S 1/2 -O - 1/2 ) 
O (-l/r) = l\r\ (S - S 1/2 + O - 1/2 ) 



(D.3) 



1/2 (-l/r) = hr\ (So - S 1/2 - Oo + 1/2 ) 



1/2- 



and £ (r + 1) = £«,, £i/ 2 (r + 1) = £ 1/2 , O (r + 1) = O and C 1/2 (r + 1) = -O 

E Modular functions for gauge thresholds 

In this appendix we present the modular functions needed for the gauge threshold calculation 
in section |3]5] of the model in section |3.2| . For the sector % we have[^] : 



- £ a J q N q N , 

7V>0 

= 480 + 9600 q 1/4 q 1/4 + 76800 q 1/2 q 1/2 + 307200 g 3/4 g 3/4 + . . . , 
B{q ^ = h V (qYMqr + ^ + E2{q)]E4{q) + E ^ E ^ ~ E ^} ^ R =^ t 

- E ffii N f 

N>0 

= - ( 1508 + 30080 g 1/4 g 1/4 + 240000 q 1/2 q 1/2 + 957440 g 3/4 g 3/4 + ...), 
3 

(E.l) 

45 The arrow symbolizes projection onto equal left/right masses, which appears after the t\ -integration. Cf. 



also (gj) 
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Of course, before the super symmetry breaking, we have a vanishing /3-function coefficient in 
the N=4 sector 

bl°, = (E.2) 



and after introducing the Scherk-Schwarz shifts ( |3.21| ) we obtain 



bl°, = 480 = al° 



(E.3) 



For the sector Tq we have the modular functions: 



x [E A (q)E 2 (q)-E 6 (q)] 



0\ 



Mq) 4 + 9 2 (q) 4 } + 



#2^4 



Mqf-eM'] 



T e N -N 



-> a N <T Q" , 

N>0 

= -7680 q 1/2 q 1 ' 2 ~ 30720 q 3/4 f /A - 1536000 qq- 5898240 q 5/4 f /4 . . . 

(E.4) 

Now in the N=2 sector alone, before supersymmetry breaking we encounter the usual E' s (3- 
function coefficient for standard gauge embedding (see e.g.: [ 03|| ) 



b% = 60 



(E.5) 



and after introducing the Scherk-Schwarz shifts ([3.21 ) we determine: 



6§ = -30 



(E.6) 



B(q,q) 



o\ 



Mq) 4 + 2 (q) 4 } + 



v 2 v 4 



01 



Mqf-OM 1 



X 



72 ri(q) 6 ri(q) 18 

{E±(q)E 2 (q) - E 6 (q) + [6 3 (q) 4 + O^q) 4 + E 2 (q)]E 4 (q)} M R=1 (q,q) 



N>0 
1 



128 + 512 q 1/4 q 1/4 + 24000 q 1/2 q 1/2 + 95744 q 3/4 q 3/4 + 3197440 q q + . . . ) 

(E.7) 

F Partition functions for Wilson line dependence 



In this section we want to present the partition functions needed in section |3.4j for the model 
of |3.2| when the Wilson line ( J3.47[ ) is turned on. 

Following the explanations in section |3]4] the partition function Q3.26| ) of the N=4 sector T 
is modified to: 



£ 7 To (M,iV) q M q N = V ~ 12 (q) V ~ 24 (q) 2 {q) 4 E A {q) [E™r(q)+E° 4 f(q)]M S o^ 5) (q,q) . (F.l) 



M>-1 
N>0 
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Furthermore, for the N=2 sector Ta we obtain 



£ ^(M,N)q M q N 



M>-l/2 
N>0 



E™ en (q) + Elf(q) 



^3 



^1 



+ ei) + 



^2^4 



ei 



The combination of both coefficients 7 T °(M, N), 7 Te (M, AT) gives the total contribution 
7 (M, AT) = I 7 r °(M, iV) + ± 7 r »(M, AQ, needed in ( g3§ ). 
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